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Abstract

In this paper we explore the free energy distribution in the helical form of DNA using the genome of the virus
Rickettsia prowazekii Madrid E as an example. The genome of this organism has been determined by Andersson et
al. (Nature 396(1998 133) and is available on the World Wide Welwww.tigr.org). Using the helix statistical
weights based on nearest-neighbor base pairs of SantalBcie. Natl. Acad. Sci. USA 951998 1460, we
calculate the free energy in consecutive blocksmobase pairs in the DNA sequence and then construct the free
energy distribution for these values. Using the maximum-entropy method we can fit the distribution curves with a
function based on the moments of the distribution. For blocks containing 10—20 base pairs the distribution is slightly
skewed and we require four moments to accurately fit the function. For blocks containing 100 base pairs or more,
the distribution is well approximated by a Gaussian function based on the first two moments of the distribution. We
find that the free energy distribution for=20 can be reproduced using random sequences that have the local
(singlet, doublet or tripletstatistics ofRickettsia. However, for much larger blocks, for exampie=500, the width
of the free energy distribution based on the actRakertsia genome is broader by almost a factor of 3 than the
distributions based on random local statistics. We find that the distribution functions for the C or G content in blocks
of m base pairs have almost the same behavior as a function of block size as do the free energy distributions. In
order to duplicate the width of the distribution functions based on the akidelrtsia sequence, we need to introduce
tables (matrices that correlate the states of consecutive blocks hundreds of base pairs long. This indicates that
correlations on the order of the number of base pairs contained in the average gene are required to give the actual
widths for either the C or G content or the helix free energy distributions. Above a certa#tiue, the distributions
for largerm can be accurately expressed in terms of the distribution functions for smallEnus, for example, the
distribution form=5000 can be expressed in terms of the generating functiom f1000.
© 2003 Elsevier B.V. All rights reserved.

Keywords: DNA statistical mechanics; Helix free energy distributions; Distribution moments; Maximum-entropy method; C or G
content distributions; Correlation tables

*Tel.: +1-410-516-7441; fax#+1-410-516-8420.
E-mail address: poland@jhu.ed§D. Poland.

0301-4622/03/$ - see front matt@€r 2003 Elsevier B.V. All rights reserved.
doi:10.1016/S0301-4622(03)00213-8



276 D. Poland / Biophysical Chemistry 106 (2003) 275-303

1. Introduction
G,=—7.9+0.0227,

We recently published a paper on the statistical G,= —7.2+0.0204,
mechanics of the unwinding of the double helix ¢ - _72+0.0217,
of DNA using the genome dfreponema pallidum, G.— —8540.0227
the syphilis spirochete, as an examg. The 4 ' ' '
statistical mechanical methodology required for Gs=—8.4+0.0227,
that calculation was based on a previous pdppr ~ Ge= —7.8+0.021(,
that outlined a method for calculating the statistical G;= —8.2+0.0227",
mechanics of a specific-sequence molecule with Gg= —10.6+0.0272,
long-range correlationén DNA this is the entropy G = —9.8+0.0244,
effect of closed loops formed when the double 5 _ _gi00109 (1)
helix is unwound in the interior of the molecile 1o

Recently, the melting profile of the entire human \ynerer is the absolute temperature in Kelvin. The
genome has been determinid using the method  free energies given in Eqi1) have the units of

mentioned above as a starting point. _ kcal/mole. Thes parameters are then given as
One of the main features of the melting profiles
found in these studies is that when the molecule 5 —exp(—G,/RT) (2)

is, say, half unfolded, there are distinct, clearly

defined regions that are helix and regions that are |n units of kcaf/mole, the quantityRT in Eq. (2)
clearly coil. The distribution function for helix s given by

probability is essentially a step-function, either

zero or one, over a range of thousands of base RT=(1.9872)/1000 (©))
pairs. This phenomenon is partly due to the long-

range entropy effect of the loops and partly due to We can then construct a8 matrix where the
the intrinsic free energy of the helix arising from elements represent the base-pair interactions
the interaction of base pairs. In the present paper, between nearest-neighbor base pdinhere the
we will examine the distribution of the free energy symbol T below stands for base thymine and is
in the helix form of DNA alone in order to see if not to be confused with the temperatdreised in
we can determine some simple properties of this Eqgs.(1)—(3))

distribution that will shed light on the more com-

plex problem of the complete equilibrium between |A T ¢ G
helix and coil. Al 5 s S6
A key ingredient for this study is the helix S$=T |5 5y 57 s (@)
statistical weight of a given base pair at sitn C |5 86 810 83
the chain followed by another given base pair at G |s 85 sq S10
site i+ 1 relative to the free-coil staténo loop9
as a reference. This is the analog of th@ara- A general element in the matri§ gives thes

meters used by Zimm and Brad@] and Zimm  value for the base at a general sitérow index
[8] in treatments of the helix—coil transition in followed by the base at site+ 1 (column indey;
polypeptides and DNA, respectively. Santalucia the complementary bases in the antiparallel chain
[3] has given a consistent set of the requited  are understood. Thus, for example, the TC matrix

parameters for the double helix of DNA. The  element stands for the following pair interaction,
factors contain contributions from hydrogen bonds j.e. TC in one chain and AG in the antiparallel

between bases and stacking interactions betweenchain

neighboring base pairs and are expressed in terms

of the following free energies as given in his Table TC=TC/AG=5-TC-3/3-AG-5 (5)
2:
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We note from Eq.(1) that there are only 10 base pairs given in the matrix of E8), one can
independent values as given by Eq.2) due to then use the known sequence Bfckettsia and
the symmetry of the double helix. calculate the averagevalues in non-overlapping
Here we will use as an example the entire blocks ofm base pairs as a function of the position
genome of the viruRickettsia prowazekii Madrid of the given block in the chain, thus producing a
E as given by Andersson et dll] and available  profile of average as a function of chain position.
on the web[2]. This genome is 1111523 base We let the indexi denote the position of a base
pairs long and has the following fractional pairin the chain and the indg>denote the number

composition: of the block containingn base pairdwhere both
i andj are measured starting from the left-hand
fa=0.353743; f+=0.356254; end of the chain Thus, for blocks containing: =

6) 10 base pairs we have=1-10 for the first block
(j=1), i=11-20 for the second blodki=2) and
fc=0.143796; f5;=0.146207 so on. Formally, the block indexis given as a
function of base-pair locusfor blocks containing
Given the known genome, one can tabulate the m base pairs as follows
number of occurrences of each of the base-pair
interactions as given in the matrix of E¢4).
Then using the free energies given in Ef)), one =
can calculate the temperature at which the total
helix free energy is zertrelative to the completely
unwound chains This temperature is found to be

1+ 9

(i—l)}

m

where the square bracket indicates that one takes
the integer part of the quantity enclosed. Given a
%) block of m base pairs that begins at base pain

the chain, one first calculates the product raf
consecutive base-pair interactions and then takes
the 1/m root, as shown below, to give the geo-
metric mean value of for the blockj, which we
will refer to ass;

T,=364.217 K

and represents the temperature at which the aver-
age s value in the molecule is 1. It is also
approximately the melting temperature of the dou-
ble helix. Thus, at this temperatuse>1 favors
helix ands <1 favors coil. Throughout this paper i U
we will use theT,, given in Eq.(7) as the value S-=[ 1 G, i+l)] (10)
of the temperature. AT, the elements of th& !

matrix of Eq.(4) have the following values:

i=vy+1

where
| A T C G
A | 077 0.73 1.40 1.23 y=m(j—1) (11)
S= T | 046 0.77 0.17 138 (8)
C|138 1.23 283 2.61 We recall thafj is the number of the block starting
G117 1.40 3.53 2.83 from the left end of the molecule with=1. Note

that when we get to the end of a block, the nearest-
One sees that, in general, interactions involving A neighbor of the last unit is simply the next unit in
and T favor coil, while interactions involving C the chain, i.e. the first base pair of the next block.

and G favor helix. From Eq.(2) one sees that the factossare
related to the Gibbs free energy for base-pair
2. Block-s profiles interactions. Thus, IS; gives the negative of the
arithmetic mean Gibbs free enerdylivided by
Using the matrix ofs values(evaluated aff'= RT) per base pair in the block. The condition

T, of Eq. (7)) for all possible nearest-neighbor In S;>0 favors helix, while the condition 1§;,<0
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300 000 and treating the same number of blocks
as was the case fat= 20 (the block size fomn=

100 is five times the block size far=20). Notice
that the vertical scale for the middle and the lower
graphs is the same thus illustrating the fact that as
the block size increases, the fluctuations in average
300Kb 302Kb 304 Ko 306 Kb In S value decrease. It is precisely how the width
of the distribution of average I values decreases
that will be one of our main interests in the present
work. The dashed line in the upper graph gives
the locus ofS=1, while in the lower two graphs
the dashed lines give the locus ofdr0, which

is the average Im value at temperaturg,, of Eq.

(7). Throughout the rest of this paper we will give
profiles of InS; that show how the average free
energy per base pair in a block ef base pairs
varies as a function of the location of the block in
the sequence.

In Fig. 2 we show another profile of I§). In
this case the value of is much larger withm =
2000 and we show the profile for the entire
Fig. 1. The averagé values for blocks ofn base pairs, as  genome(rounding off the size of the genome at
defined by Eq(10), as a function of location in thRickettsia the right end to give an integer number of blokks

genome. Eq(9) gives the relation between block numbgr,  Notice that in this case the range of the vertical
and base-pair numbei,in the genome. The upper curve gives
S; for blocks of 20 base pairs and covers base pairs 300 000—

306 000 in the sequence. The middle curve shows; far the

300Kb 302 Kb 304 Kb 306 Kb

300 Kb 310Kb 320Kb 330Kb

samem value and sequence. The lower curve shows; fior 0.15

blocks of 100 base pairs and covers base pairs 300 000—- }kl\

330 000 in the sequence. The dashed curve in the upper graph@ 0 ![ﬂﬁupn I " Jall by ﬂm\lln%

represents the locus 6f=1, which is the overall average for £ UWWH e [T ]’W ' W'ﬂ“

the entire genome af=T,, given by Eq.(7). The dashed o5

curves for the other two graphs give the locus of 0. 0 100Kb 200Kb 300KD 200 Kb
0.15

m = 2000

favors coil (just asS;>1 favors helix andS;<1

1.

In Sj

In Sj
o

favors coil. For S;=1 the behavior of profiles
with respect to both and InS; are very similar.
This is illustrated in Fig. 1 where the top two —0.15
400Kb 500 Kb 600 Kb 700Kb 800Kb

graphs compare sequences$f(top graph and o5
In S, (middle graph for blocks of m=20 base '
pairs atTy,. The step-graphs assign the averdge ] h gl
or InS; to all of the base pairs in am-unit block.
The sequence illustrated starts at base pair number _ ..
300 000 in theRickettsia sequence and shows 6 800Kb 900Kb 1000Kb  1100Kb  1200Kb
kilobases of sequence. One sees that the two ‘
{)r:OflleSf ?re fvlergl fSImllar l-l(;ge :(;welr: gr?hph shows Fig. 2. The average I§i; values for the same conditions used

€ pronie ot Ino; tor m a or this case in Fig. 1 for blocks ofm=2000 base pairs as a function of
we illustrate the profile for 30 kilobases of |ocation in theRickersia genome for the entire genome. The
seqguence startlng, as before, at base pa|r numberdashed curves give the locus ofde-0 for reference.
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scale is approximately one-third of that used in the following condition(discrete analog of the integral
lower two graphs in Fig. 1, reflecting the fact that over the distribution function

as the block size gets bigger, the range of fluctu-

ation in the average free energy decreases. Therezp(k)mn S=1 (19
are two blocks where the averagealue exceeds K

the scale used in Fig. 2; the averageS)values

in these two cases are both approximately equal The quantityP(k)Aln S is then the probability of
to 2. In S occurring in bink.

The first impression one has of the free energy  We then take the data from a profile such as
profiles shown in Figs. 1 and 2 is that they appear either of those given in the lower two graphs in
to represent random variations in the free-energy Fig. 1 and classify each plateau as to which
values. We will see that this is both true and false: particular bink it belongs in. The step-function
the profiles form=20 are well represented by a curve shown in the upper graph in Fig. 3 shows
random distribution of base pairs, while the pro- the distribution function obtained in this manner
files for m=2000 have pronounced deviations for the case of blocks witlh =20 such as shown
from random behavior. Thus, there is a transition in the middle graph of Fig. Zusing similar data
from random behavior for smalln values to  for the entire genome One sees that in this case
nonrandom behavior at large values and it is  one obtains a very well behaved function for the
this phenomenon that is the focus of the present distribution of helix free energies. We now show

paper. that one can fit this function using a small number
of moments of the distribution.
3. Block distributions We have recently addressed the question of

obtaining distribution functions from moments for

We now examine data such as shown in Figs. 1 a variety of different problems concerning biolog-
and 2 to see if there is any pattern to the distri- ical macromolecule§9—19. The overall approach

bution function for the different Iiy; values shown.  utilizes the maximum-entropy method that gives

To this end we collect the number of $nhvalues an approximate distribution function based on a

that occur in a given I8 range and then plot the small finite number of moments of the distribution.
distribution function. We will take the grain size In the present case we can use Eg}) to calculate

for the InS values as the moments of the distribution function. The
following relation gives theith moment of InS(k)
AlIn §=0.01 (12) distribution:
We note that Ir§ and Aln S are dimensionless k.= Y. In S(A)"P(k)AIn S (15
k

quantities. The values of Ifithat lie betweer(k—
DAIn S and (k)AIn S will be put in bin and this

bin will be assigned a mean fvalue half way  In the maximum-entropy methof®)] the distribu-
between these two bounds tion is given by the following functional form

(finite polynomial inx)

f(x)=exp{— Z)\jx’} (16)
j=0

The distribution functiorP(k) gives the probability

of aInS value being in a givei-bin and is simply ~ Givenrn moments of the distribution, one can trade
proportional to the number of blocks having a these values for the values of the parameters
value of InS in the prescribed range. This proba- used in Eg.(16) (this is accomplished by a
bility distribution is normalized according to the straightforward nonlinear iteration procedure
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Fig. 3. The upper graph gives the distribution function for the
occurrence of average fvalues for blocks ofn=20 base
pairs, based on data similar to that shown in the middle graph
in Fig. 1, for the entireRickertsia genome. The I values are
sorted into bins withAIn §=0.01; thek-index gives the number

of the bin as defined in Eq(13). The middle graph repeats
the upper graph and compares it with the maximum-entropy
approximation (solid curve to the distribution constructed
using two moments. The lower graph is similar to the middle
graph, but shows the maximum-entropy distribution construct-
ed using four moments.

In the two graphs in Fig. 3 we show the results
of this procedure. The step-function curve gives
the actual distribution obtained from tiRéckertsia
genome, while the solid curve in the upper graph
(labeled ‘two moment3’ gives the maximum-
entropy approximate distribution constructed using
two moments of the actual distribution. The solid

D. Poland / Biophysical Chemistry 106 (2003) 275-303

curve in the lower grapklabeled ‘four moments’
gives the maximum-entropy approximate distribu-
tion constructed using four moments of the actual
distribution. For the case where one uses only two
moments, the sum in Eq(16) is a quadratic
function and hence the distribution function in this
case is essentially equivalent to a Gaussian distri-
bution. The two-moment, or Gaussian, approxi-
mation is seen to work quite well in this case,
while the use of four moments, as in the lower
graph, gives an even better approximation.

As the block size,m, is increased, the two-
moment (Gaussial approximation becomes an
increasingly good fit for the step-function distri-
bution. We illustrate this point in Fig. 4 where we
show the step-function distribution for ffor the
case ofm=100 using the entire genome &t,.
The solid curve represents the maximum-entropy
(or, in this case, Gaussiamlistribution based on
two moments. Thus, fom>100 we will use the
maximum-entropy distribution function based on
two moments as a good approximation to the
actual distribution.

From the examples given above we see that the
block-distribution functions of the free energy are
well-behaved functions, which, fo#:z>100, can
be approximated very well by a Gaussiéinvo-
momen) function. The guestion then arises as to
whether these Gaussian functions derived from the
actual specific sequence of tiRéckertsia genome

5
4 m=100
3
<
o
2
1
0
-04 -0.2 0 0.2 0.4
In S(k)

Fig. 4. The distribution function for the occurrence of average
In S values for blocks ofn=100 base pairs. The step-graph
gives the block-distribution function for the entire genome,
while solid curve gives the maximum-entropy approximation
based on two moments.
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can also be derived from the statistics of the local which is to be compared with the actual frequency
occurrence of different bases. Of course, the pri- given in Eq.(18) of 0.0465. A table of nearest-
mary determinant of the base sequence in DNA is neighbor frequencies based on random placement
the genetic information the sequence contains with using Egs.(17) and (19) above is given below:

the resultant thermal stability of the helix being a

secondary property. Here we want to see if the Random doublet frequencics

thermal stability behaves as if one had a random __|A T ¢ G
sequence. A o.1251 0.1260 0.0509 0.0517

T [0.1260 0.1269 0.0512 0.0521 (20)
4, Models based on local occurrence statistics C 10.0509 0.0512 0.0207 0.0210

G 10.0517 0.0521 0.0210 0.0214

In this section, we will see if we can reproduce
the block distributions such as shown in Figs. 3 One notes that while there are some small differ-
and 4 from simple models based on the statistics ences between the numbers given in E48) and
of local base-pair occurrence. First, we use the net (20), the Rickertsia doublet frequencies in general
base fractions given in E(6) to construct the  are given quite accurately as the product of the
singlet distribution, which depends only on the singlet frequencies. One notes that the table based
type of base at a given location and not on the on random pairs is symmetric, while that for the
state of neighboring bases: actual doublet frequencies is not.
) o , The quantity of interest for constructing distri-

Rickettsia singlet frequencics bution functions is the matrix of conditional prob-
[A T C G an abilities. The general form for the doublet
l0.3537 0.3563 0.1438 0.1462 conditional probability is given below:

Next, we count the number of overlapping doublets P(ilj) =Probability that giveni, j follows
(this means, for example, that the sequence abcd (21
would vyield the doublets ab, bc and )cdThe

Rickettsia genome has the following nearest-neigh- and is constructed from the table of doublet fre-

bor frequencies: quencies given in Eq(16) as follows
Rickettsia doublet frequencies Jo
PGl =F../f 22

O W) =flf, (22
A 101314 01234 00439 00551 If the doublet frequencies are randofgiven by
T | 0.1230 0.0138 0.0465 0.0530 (18) Eq (19))’ then one has
C | 0.0522 0.0541 0.0213 0.0162
G | 0.0472 0.0450 0.0321 0.0220 P(ili) = fij/fi = fifj/fi =f; (23

We can check immediately if these are signifi- Using the data given in Eq€17) and (18) we
cantly different from the frequencies that one obtain the following matrix of doublet conditional
would obtain if the placement of bases were probabilities forRickettsia

completely random, in which case one would have

(independent unifs j|A T C G

i
= (PGlj) = 3714 03489 0.1240 0.1
fi=ff (19) Po=(PGlj)=A | 03714 03489 0.1240 0.1557
T 0.3452  0.3755 0.1306 0.1487 (24)
For example, the fraction of TC doublets would 0.3630 0.3760 0.1485 0.1125

C
be fife=(0.3563(0.1438=0.0512 (taking the G 03226 03078 02194 0.1502
singlet frequencies from the table in E(L7)),
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We can then go on to consider overlapping If the base occurrence was random, then all of the
triplets. Of course, the genetic code is in terms of entries under the column index A would fg=
non-overlapping triplets, but we are considering 0.3537 as given by the singlet distribution of Eq.
triplets here simply as the next step in describing (17), and so on. One sees that from the point of
local correlations. The triplet conditional probabil- Vview of the occurrence of triplets, the distribution

ities are given in general as follows is not far from random.
We will now generate random, but specific,
P(i jlk)=Probability that givenij, k follows sequences that have, successively, the singlet, dou-

(25) blet and triplet distributions characteristic Bick-
ettsia. For simplicity we replace the base
designators A, T, C and G with the numbers 1, 2,
3 and 4. We start with the singlet distribution
where we designate the net frequency of occur-
rence of each type a8, f» fs andf, (with f,+
fo+fs+fa=1). We then define the four numbers

To determine this probability we count overlapping
triplets (this means, for example, that the sequence
abcde would yield the triplets abc, bcd and xde
and construct the quantities

PUAO=F ol O Ly LmLitf Ll S

where f; is the fraction of a particular triplet of Li=Lstfa=1 (29)

bases. If the occurrence of bases is random, then

one has We let k indicate the type of uni{k=1-4). To
obtain the value ok we pick a random number,
PG I =f£ff £=F 27) R, between 0 and 1. The type of unit is then

determined as follows:
The table of triplet conditional probabilities

obtained from theRickettsia sequence is given If Rn<L: then k=1

below:
kA T c G if Rh>L, and <L, thenk=2
i
A A[03888 03450 0.1122 0.1540 (30
A T[03534 03684 0.1434 0.1348 if Ry>L, and <L, thenk=3
A C|03244 03733 0.1869 0.1154
A G|03234 03055 02222 0.1489
T A|03541 03536 0.1425 0.1498 if R\>L; and <L, thenk=4
T T|0328 03937 0.1275 0.1508

Pr=(PGilk) =T C|03734 03757 0.1492 0.1075 (28) When this process is repeated, say a million times,
T G|03313 02739 02444 0.1505 one will generate a specific sequencekofalues
C Al03789 03158 0.1308 0.1745 that has, statistically, the overall composition given
C T|03319 03727 01298 0.1656 by the appropriate singlgs. .
c clo3se 03756 01162 01488 In order to generate a random but Spe_(_:IfIC

sequence that has a given set of doublet conditional
C G|02879 03165 0.1990 0.1966 : ;
probabilities, one proceeds in the same fashion.

G A103597 03844 0.1010 0.1349 One begins at the left end of the sequence and
G T | 03897 03437 0.1059 0.1607 picks the first unit according to the given singlet
G C|[04034 03804 0.1161 0.1001 probabilities for the molecule as in E30). Then
G G103254 03891 0.1668 0.1187 one defines a set of frequencies for the next unit

as follows
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£ =P(jl) (3D
Notice that in this case thg(k) values depend on
the preceding unit-and are not constant as was
the case for singlets. One then picks the value of
k as given in Egs(29) and (30). For the case of
triplet conditional probabilities, it is done the same
way. The first two units in the chain on the left
are picked, respectively, according to the given
singlet and doublet probabilities. One then defines
the following set of frequencies for the next unit
as follows
f(k)=P( jlk) (32
The values off(k) in this case now depend on the
states of the two preceding units in the chain. One
then uses Eqd.29) and (30) to pick the type of
unit for k. In this manner one can generate specific-

sequence chains that are generated randomly but

have a specified singlet,
distribution.

We now use our tables for singlet, doublet and
triplet probabilities obtained from th&ickettsia
genome to construct I distributions and observe
how the block distributions so obtained compare
with the actual distributions. In Fig. 5, we show
the distribution function for blocks of 20 base

doublet or triplet
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pairs obtained from specific sequences generated

with the specific singlet, doublet and triplet distri-
butions given above. In each case the specific
sequence was 1111520 base pairs ldgiying

55 576 blocks ofn=20). To obtain the distribution

Fig. 5. Block-distribution functions of 1§ for m=20 base
pairs for specific sequences of 1 111 520 base pairs generated
to satisfy the specific singlet, doublet or triplet statistics for
Rickettsia as indicated in Eq¥(17), (24) and (28). The gen-
eration of the specific sequences is outlined in E@8) and

functions for these sequences, one uses the samé30). The continuous curve in each graph gives the four-

procedure employed for the actual sequence with
In S boxes of Aln §=0.01. In Fig. 5 the smooth
solid curve in each graph is the maximum-entropy
distribution obtained using four moments far=
20 blocks for the actuaRickertsia sequence as
shown in the graphs in Fig. 3. One sees that all
three local distributions, singlet, doublet and trip-
let, give essentially identical results for the distri-
bution of InS in blocks of m=20, and all agree
very well with the actual distribution of I8 found
in Rickettsia.

The results shown in Fig. 5 suggest that the
distribution of double helix free energy im-
blocks is described well by the local statistics of

moment maximum-entropy approximation to the actual block-
distribution function forRickettsia as shown in the lower graph
in Fig. 3.

occurrence of singlets, doublets or triplets with the
simplest, the singlet distribution, giving as good a
representation of th&ickertsia 20-block distribu-
tion as the others. Since big blocks represent an
average over the behavior of constituent smaller
blocks, one would expect that the trend one sees
in Fig. 5 (good representation of the fdistri-
butions by simple local distributiopswould, if
anything, only improve as the block size increases.
It turns out that this is not the case and thatas
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Fig. 6. Distribution functions of Ir§ for m=500. The upper
curve gives the actual step-graph for tRekertsia genome;
the solid curve is the two-moment maximum-entropy approx-
imation. The middle curve gives the step-graph for a specific
sequence of 1 111 500 generated to giveRhéettsia doublet
frequencies; the solid curve is the two-moment maximum-
entropy approximation. The lower graph compares the two-
moment maximum-entropy distributions for the actual
Rickettsia distribution and the specific-sequence doublet
distribution.

increases the difference between thes ldistribu-
tions obtained from local statistics and those actu-
ally found in Rickertsia increase in a dramatic
fashion.
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Fig. 7. A plot of the quantityZ(m) =g ,,/m, whereo,, is the
standard deviation defined in E€52) as a function ofn for

the singlet, doublet and triplet probability distributions con-
structed as outlined in the text. The dashed curves represent
the limiting value for largen obtained from the largest eigen-
value of the appropriate matrix as given in E§7).

We llustrate this phenomenon in Fig. 6. The
upper graph in Fig. 6 shows the=500 block
bin-distribution function for InS as obtained from
the actualRickertsia genome. The smooth solid
curve is the two-momentGaussian fit to the
distribution. The middle graph shows the 3n
distribution for a specific sequence of 1111 500
(to give an integer number of:=500 blocks
base pairs generated according to E@0) and
(31) for the doublet distribution ofRickertsia.
Again, the smooth solid curve is the two-moment
(Gaussia fit to the distribution. Note that all of
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the graphs in Fig. 6 are drawn on the same scale.shown in Fig. 6 are for one specific sequence with
Finally, in the lower graph in Fig. 6, we compare the indicated local(double) statistics. If one

the Gaussian curves for the distribution function generates another such sequence, one would obtain
actually found inRickettsia and the distribution  slightly different results. One can generate the
function based on the doublet distributionRick- average over all possible specific sequences with
ettsia. Unlike the case fom=20 where the actual given local statistics using a matrix product and
Rickettsia distribution and the singlet, doublet and we outline this procedure in the next section.

triplet distributions all were in good agreement,

here, form=500, there is an enormous difference 5. Matrix generation of specific-sequence
between the actual distribution and the doublet averages

distribution. The result that is clear in Fig. 6 is as

follows: the actual Ir§ distribution(or free energy First, we give the overall form of the correlation
distribution for blocks of m=500 is very much  matrices required. As before we use the following
broader than the distribution based on local statis- notation: A=1, T=2, C=3 and G=4. Then, the

tics (doubletg. Thus, there must be a tendency for general matrix,Mp, for treating doublet correla-
weak helix formers and strong helix formers to tions(states =1-4 in the chain followed by states
cluster (like with like) on the scale ofn=500, j=1-4) is given below:

which is way beyond the range dictated by the

local statistics of base-pair occurrence. In other ! ! 2 3 4

words, there must be a correlation in helix strength !

on the scale ofn=500. Mp =1 1 12 13 14
Clearly, the feature of interest in Fig. 6 is the 2 |2 2 23 24 (33)

great difference in the widths of the two distribu- 3 31 32 33 34

tions shown. In order to understand this phenom- 4 41 42 43 44

enon better we need to have a general method to
generate the widths of distribution functions and For the case of triplet correlations we require the
we turn to this task in the next section. The results following 16X 16 matrix, M+, giving all possible

k] 1 2 3 4 1 3 4 1 2 3 4 1 2 3 4
i1 1 1 1 2 2 2 3 3 3 3 4 4 4 4
1 1|11 112 113 114 0 0 0 0 0 0 0 0 0 0 0
1 2|0 0 0 0 121 122 123 124 0 0 0 0 0 0 0 0
1 3]0 0 0 0 0 0 0 0 131 132 133 134 0 0 0 0
1 4]0 0 0 0 0 0 0 0 0 0 0 0 141 142 143 144
2 1 |211 212 213 214 0 0 0 0 0 0 0 0 0 0 0
2 200 0 0 0 221 222 223 224 O 0 0 0 0 0 0 0o (34

M;=2 3| 0 0 231 232 233 234 0
2 4 0 0 0 0 0 0 0 0 0 0 241 242 243 244
31 [311 312 313 314 0 0 0 0 0 0 0 0 0 0
3 200 0 0 0 321 322 323 324 0 0 0 0 0 0 0 0
303 0 0 0 0 0 331 332 333 334 0 0
3 4 0 0 0 0 0 0 0 0 0 0 0 341 342 343 344
4 1411 412 413 414 0 0 0 0 0 0 0 0 0 0 0 0
4 2 0 0 0 421 422 423 424 0 0 0 0 0 0
4 3 0 0 0 0 0 0 0 431 432 434 434 0 0 0 0
4 4 0 0 0 0 0 0 0 0 0 0 0 441 442 443 444



286

0.5

0 1000 2000 4000 5000

m

3000

Fig. 8. A plot of the quantityZ(m)=o,,/m, whereo,, is the
standard deviation defined in E€62) as a function ofn for
the Rickettsia genome. Each point representsmarvalue; 500
values ofm are shown in steps of 10. The solid curve repre-
sents the empirical fit of the data given in E&S).

triplets of consecutive statésj andk in the chain:

To calculate the moments of theSrdistribution
for m-blocks that satisfy a set of doublet frequen-
cies, one requires a vector and a matrix. The
elements of the vector are simply the singlet
probabilities of the four bases
p:(l’i) (35
The matrix has the general structure of E§3)
with the specific matrix elements indicated below:
Po=(P(ilj) exdag,]) where g;=In s; (36)
and « is dummy parameter that will enable us to
generate moments. We choose the definition of
g; given in Eq.(36), since on taking the derivative
of the quantityPp with respect toa a factor of
Ins; will be brought down and we have chosen to
deal with the distribution of Iz. The following
matrix product generates all possible sequences of
base pairs for a block units long with the proper
singlet and doublet probabilities assigned
I',.(a)=pPgv (37
where v is a column 4-vector with all of the
elements equal to 1. We note that the matix
is raised to thenth power in Eq.(37) since from
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Fig. 9. A plot of the quantityZ(m)=o,,/m, wherea,, is the
standard deviation defined in E€52) as a function ofn. The
curve labeledRickettsia’ is the empirical function of Eq(58)
and represents the data from tRekertsia genome. The curve
labeled ‘Doublet’ is the limiting value for the doublet distri-
bution as shown in the middle graph in Fig. 7.

Eqg. (10) the averageS for a block includes the
interaction between the last base pair in the block
and the first base pair of the next block.

The matrix product in Eg(37) has the following
general form:

I, ()= Zl_[P(v) exr{oc Zf(v)} (38)

where v indicates a general index for a specific
sequence in the:-block; I' is then a sum over all
such specific sequences. If one takes the following
derivatives ofl" with respect toa, one generates
the moments of the distribution given below
(hencel’ acts as a moment generating funcpion

(diﬂia))a; (XSO
=(Yay=p1=m(InS)
(dzgofg)LO: ;((Zf(v))znP(v))

()W)

(39
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Fig. 10. The probabilityP(n), that a base is in a sequence of like basemits long. The solid dots are plots Bfr) given in Eq.
(67) based on random occurrence of bases using the net fractions of each basgdremia as given in Eq(6). The solid line
gives the actuaP(n) distribution found inRickettsia.

We designate these moments with primes since are based on the form of the matrix given in Eq.
they are related to the moments of theSldlistri- (34). The analog of the vectqr given in Eq.(35)
bution but are not the same; we will give the is a vector with 16 elements composed with the
relation between the above moments and the general structure of thécolumn of M in Eq.
moments of the I distribution shortly. The  (34). Thus, the first four elements are the proba-
matrix product in Eq.(37) then generates all bility p,, the next four arep, and so on. The
possible sequences of am-block with the pre- analog of Py given in Eq.(36) has the structure
scribed doublet frequencies. The moments given of M+, but utilizes only the indice$ and; with
by Eq. (39) are the analog of the moments given the general matrix element given by E(5).
in Eq. (15) based on the empirical block distri- Finally, we require a matrix that uses all of the
bution for givenm. We note that the quantitie$ information contained irM+, the general matrix
and InS are defined as the mean values per base element of which is given below
pair for the block and hence one has théactors
in the expressions in Eq39) involving the aver- PT=(P(ij|k)eXFiocqjk]) (41
ages of InS.

For the case of the singlet probability distribu- The moments of the I§ distribution for anm-

tion the quantitys still depends on the nearest- pock are then given by the analog of E@7),
neighbor composition and we require the structure \ynich for triplets is

of the doublet matrices just outlined for that case.
To treat the singlet probability distribution one _ 1
uses the following form(Eq. (23)) for the condi- L) =pPoPi v (42

tional probabilities in Eq(35): where, in this casey is a column 16-vector with

PGil) =p(j) (40) all of the elements equal to 1.
Given the first two moments of the distributions,
To satisfy the distribution of triplet frequencies, one can then construct the two-moment or Gaus-
we require the following quantities, all of which sian approximation such as shown in the lower
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graph of Fig. 6. Thus, one can obtain this distri-
bution function from the matrix products given

above without having to generate specific sequenc-
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products. Higher-order derivatives ol' are
obtained in a similar manner.
One can also calculate the asymptotic forms for

es and one has the moments as a general functiorthe moments in the limit of large:. In that case

of the block sizen.

In order to obtain the first two moments of a
distribution according to Eq(39), one must take
the derivatives with respect tae of a matrix
product(for singlets or doublets this is the matrix
product given in Eq(37), while for triplets this is
the matrix product given in Eq(42)). We note
that the task of taking the derivative of a matrix
product is made simpler by utilizing the properties
of Toeplitz matriced20,2]. In this approach one
does not first take the matrix produ@jenerating
very complex expressions for the matrix elemgnts

and then take the derivative, but rather the other
way around. For example, if one wants to take the

derivative of a matrix produdiV(x)™ with respect
to a general variable, one first takes the derivative
of W with respect tox (which we designate as
W’) and then evaluates this matrix for a given
numerical value ofx. Thus, all of the matrix
elements of W and W’ are numbers and not
functions. We next construct the following Toeplitz
hypermatrix (matrix of matrice3 where 0 is the
null matrix having the same size &%

wow
(43
0o w

We then setB=A" and finally, lettingI'=W",
we have
dr'/dx=B[1,2] (44
that is, the required derivative of the matrix prod-
uct T" is simply the (1,2) element of the hyper-
matrix B (this element itself is a matr)xand is
obtained by raising the matriX to themth power.
Since the elements in the matricés and W'’ are
simply numbergone has set equal to a number
the matrix multiplication does not require the
multiplication of functions and the storage of the

complex results. This approach represents an easy\W —\l|=0

way to take the derivatives of complex matrix

I' is given in terms of the largest eigenvalug,
of the appropriat&V matrix as follows
I'(o)=N\(c)™ (45)

Fora=0, I' is simply the sum of the probabilities
of all sequences and is equal to 1. Thus, one has
A (0)=1 (46)

The derivatives required in E€39) are then given
as follows

dI’' /doa=mA7~I\}

(47)
d°T /da®=m(m— DNy~ 2(N)*+mNp N
where
Ny=d\y/da, N{'=d’\/da? (48)

Evaluated atx=0, the moments are given by the
following relations(using Eq.(46))

pi=m\,
(49
po =m(m—1)(N1)*+m\,’

Thus, to obtain the first two moments of the
distribution (and hence the Gaussian distribution
function) one need only obtain the first two deriv-
atives of the largest eigenvalug,, evaluated at
a=0.

In order to obtain the derivatives af one need
not have an explicit equation for the eigenvalues.
Rather one can evaluate the derivatives simply
using the secular equation of the appropriate matrix
directly. Thus, we form the following determinant
(where | is the identity matrix the same size as
W):

(50
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and on expanding this equatiofwhich can be
done by computgrone obtains a polynomial iR,
which we illustrate for the case whevé is a 4x4
matrix

ao(@) +a(c)\(a) +aLa)\(a)?

+az(e)Ma)3*+ale)N(@)*=0 (51

From the expansion in Eq(50) one obtains
explicit expressions for the coefficients(a) giv-
en in Eg. (51). One then takes the first two
derivatives of Eq.(51), explicitly with respect to
the a,(a) coefficients and implicitly with respect
to M(a). One next setse=0, and, from Eq.(46),
M(0)=1. Finally, one solves the two equations
(the first and second derivatives of E¢1)) for
N1 and \”4. All of this can be done simply on the
computer(which can take explicit derivatives and
assign symbols for implicit derivatives

Thus, there is no problem in calculating the
derivatives of the largest eigenvalue required in
Eqg. (49) to give the first two moments. Note that
one need not solve E450) (an example of which
is Eq. (51)) explicitly for X in order to obtain the
derivatives exactly.

The moments given in Eq49) refer to the net
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o,=N"—(N\)?/|m (54
indicating that in this system the width of the
distribution as measured by the standard deviation
gets narrower as the inverse of the square root of
the block size. It is useful to define a quantity that
is constant as a function @f. From Eq.(54) this

is obtained by the following function

Z(m)=o,,/m (55)

The above argument was based on using the largest
eigenvalue of the appropriate matrix. Thu&m)

as given in Eq(55) will be a constant(, in the
asymptotic sense as becomes large
Z(m)=(rm1§m~C (56)

We can now use the methods outlined above to
calculateZ(m) as a function ofn for the singlet,
doublet and triplet distributions characteristic of
the Rickettsia genome. The results are shown in
Fig. 7 whereZ(m) is given for each distribution
for m=4-100. The dashed line in each graph
gives the asymptotic value obtained from the
largest eigenvalue as illustrated in E&6). This
constant has the following values, respectively, for

averages per block. We want to obtain the averagepe singlet, doublet and triplet distributions

per base pair in a block used in E{.0). In that
case we want the moments
pi=p1/m and wo=p ;' /m? (52
We have seen that the distribution functions for
In S are accurately given as two-moment or Gaus-
sian distributions. A convenient measure of the
width of a Gaussian distribution is the standard
deviation as given below in terms of the moments
given in Eq.(49)

o= 2" = (W)= m[N\/ = (\)?] (53)
and we obtain the familiar result that the width of
the distribution varies as the square root of the
size of the system(which is m, the size of the
block).

If we use the moments in the ‘per unit’ system
given in Eq.(52), then we obtain the result

C=0.652, 0.677 and 0.670 (57)
which are very close in value to one another.
Notice that in Fig. 7 the value df(;n) has already
settled down to the asymptotic values given in Eq.
(57) at approximately the poinz=100. In addi-
tion, note that the total range of variation i)

for the range ofn shown is very small. Thus, for
the doublet and triplet distributiori&4) is approx-
imately 0.63, whileZ(100) is approximately 0.67,
indicating little variation.

We now return to the actual distributions for the
Rickettsia sequence and show the actual variation
of the quantityZ(m) defined in Eq.(56). This
quantity is plotted as a function of in Fig. 8
where we give all values of: in multiples of 10
up to m=>5000 (in all, 500 points are plotted
One sees that there is some scatter, but a clear
pattern emerges. As we expect from our discussion
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above, the quantityZ(m) does level off to a
constant value, but the range of variation of the
results shown in Fig. 8 for the actu®lickettsia

sequence is very much greater than that for the

singlet, doublet and triplet distribution as shown
in Fig. 7.

The solid curve shown in Fig. 8 is an empirical
fit to the data using the very simple form

Z(m) =c(1 —b exp{—m/m*]) (58)
The constant®$ and ¢ are as follows where is
the limiting value ofZ(m) at largem
b=0.645 andc=1.85 (59)
The other constanix*, is the most interesting of
the three parameters in E¢p8) and has the value
m* =606 base pairs (60)
Note that in Eq.(58) the constantn* has the
significance of being the characteristic block size
for the relaxation ofZ(m) to its asymptotic value.
One sees in Fig. 8 that at this valuemt m* the
curve Z(m) is approximately half way to its limi-
ting value.

We can now combine the empirical function of
Eq. (58), which represents the actual data of the
Rickettsia sequence shown in Fig. 8, with that of
the local distributions shown in Fig. 7. Since the
results for the local distributions are quite similar,
we pick the case of the doublet distribution for
comparison. On the scale of Fig. 8, the doublet
curve is simply a straight line witZ(m)=0.677
(of Eq. (57)). This equation and Eq(58) are
shown in Fig. 9. In terms of this figure we can
understand our previous results. In Fig. 5 we found
that the Rickettsia distribution for m=20 agreed
about equally well with the singlet, doublet and
triplet local distributions. This is confirmed in Fig.
9 since form=20 the width functionz(m) agrees
for the Rickertsia and doublet distributions. On the
other hand, form=>500, as illustrated in Fig. 6,
the Rickettsia and doublet distributions are very
different. Ultimately, for largem, the Z(m) func-
tions in Fig. 9 level off for both the doublet and
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the Rickettsia distributions. The ratio of the limi-
ting values is then given byusing the data in
Egs.(59) and (57))

Z(Rickettsia) B o (Rickettsia) 185
Z(doubled o(doubled  0.677

=2.73
(61)

Thus, the actuakickertsia distributions are approx-
imately three times broader than the doublet dis-
tribution for m greater than approximately:=
2000. This difference in the widths of the
distribution functions is thus no minor effect
involving a few percentage points but rather a
major feature of the free energy distributions in
this genome. Note that in E461) the ratio of the
Zs equals the ratio of thes since the square root
of m in Eq. (56) cancels on taking the ratios.

What the graph in Fig. 9 shows is that the free
energy distribution inm-blocks is very much
broader than expected on the basis of local statis-
tics, which means that there are long-range corre-
lations in the distributions for larga. One usually
associates the effects of correlation, or cooperation,
in biomacromolecules with the sharpening of tran-
sitions such as the melting transition. In the present
case the correlations make the extremes of the
distribution more probable giving rise to a broader
distribution.

A reason for this broadening that immediately
comes to mind is the gene structure of the DNA.
In Rickettsia there are 1111523 base pairs and
834 protein-coding gendd,2]. Thus, the average
number of base pairs per protein is

1111523 base pairs

834 proteins
=1333 base paiyprotein

(62)

and the average number of amino acids per protein
is 444. Now the number given in EG62) has the
following relation to the characteristic numbet
given in Eq.(60)

1333=2m* (63

This number is thus seen to be approximately the
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m value whereZ(m) in the curve given in Fig. 9 1—f (1—1)2
levels off to the asymptotic value. Thus, there are P(")=[T)/" and P(n)=[7}1f" (67)

significant correlation effects on the scale of the

number of bqse pairs per gene. One can i_magine|n Fig. 10 we show the distributiorP(n), the
these correlation effects arising due to the different probability that a base is in a sequencendiinits

amino acid compositions of different proteins, for fqr the actuaRicketrsia sequence and for a random
example, the difference between the compositions gistribution having thefs characteristic oRicketr-
of hydrophobic and hydrophlhc proteins, V\(|t_h this o, (given in Eq.(6)). The solid curves show the
difference reflected in the base composition for gata for the actuaRickertsia distribution, while

the DNA sequence over the gene length. the solid dots give the results of usim{rn) from
o Eq. (67). One notes that with respect to this test,
6. Distributions of same-base sequences the random singlet model gives the same-base

sequence distributions very accurately. Thus, just

Another way to examine the apparent random- as we found that the statistics for the free energy
ness of the distribution of the bases in DNA is to distribution for block sizes of the order af=20
examine the probability of sequences of different (Fig. 5) are accurately given by the random singlet
lengths containing the same base. Thus, one countdistribution, we find here that the sequence distri-
the number of A singlets, doublets, triplets and so butions are also very accurately given by Eg7),
on. In general, using the actuaRickettsia which assume random placement. But again, this
sequence, we count the number of sequences of as for structure on the order of 10—-20 base pairs.
given base type that contains bases of the From Figs. 6 and 9 we see that on the scale:of
specified type. If we leiV(n) be the number of- greater than approximately 100, the assumption of
sequences for a given base type, then the proba-random distributions fails dramatically. To under-
bility that a sequence picked at random from the stand better the nature of this long-range correla-
total set will haven-bases is simply given by tion in the DNA helix free energy distribution, we
turn to a simpler distribution, namely, the distri-
bution for C or G content that we find parallels
the behavior of the free energy distribution.

p(m)=Nm)/Y N(n) (64)

o . . . 7. Distributions of C or G content
Another distribution of interest is the probability

that a base picked at random from the total set of
bases of a given type is in a sequencenits
long. This probability is given by

We have seen that there is a dramatic difference
in the distributions of the helix free energy given
by random occurrence statistics and the actual
Rickettsia genome for large block sizes. We now
P(n)=nN(n)/ Y nN(n) (65) examine a simpler quantity, namely, the distribu-

- tion of C or G content. The parameters of Eq.
(8) already show that there is a correlation between

If the occurrence of base types in the molecule Pase type and free energy. Although the free
is random with fractionf for a given base type, €nergies given in E¢(8) do show marked depend-

then the two probabilities given above are propor- €nce on neighboring base type, we will examine
tional to the following quantities distribution functions for a single variable, the net

amount of C or G in a block.
We will use the following notation to indicate

pm)~f" and P(n) ~nf" 66)  ihe base composition:

Using the forms given above, the two normalized g=A or T and ¢c=C or G (68)
probability distributions are then
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As with the free energy distribution, we will
examine theRickettsia genome in non-overlapping
blocks of m base pairs and record the number of
¢s in each block. From Eqg(6) we have the
following net fractions forRickertsia

f.=0.7100 andf.=0.2900 (69)
with
fatfe=1 (70

If the statesd’ and ‘¢’ are placed at random, then
all of the possible compositions of a block af
units are produced by the following generating
function

LD =(fatzfo)"= iakz" (7D
k=0

The parameter is simply a dummy variable that
is inserted in Eq(71), in this case, to count the
number ofc states; in the final result the numerical
value ofz is set equal to 1 and from E70) one
has the result thal,(z=1)=1 for all m. The
probability of havingk c-states is simply given by
P(k)=a, (72)
whereq, is the coefficient of thez* term in Eq.
(71). This relation gives the singlet, or random
unit, distribution for the probability of finding c-
states in ann-block.

We next turn to the doublet distribution for the
two states given in Eq(68). The doublet proba-
bility distribution gives the nearest-neighbor pair
counts in the actuaRickertsia distribution with
respect to the statesandc. From the data given
in Eq. (18) one has the following result

faa = 05116;fa( =0.1984
(73
fea=0.1984,f,.=0.0916

The doublet conditional probabilities are then giv-
en by Eq.(22) using Egs.(69) and (73). The
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matrix of conditional probabilities foRickettsia is
then

P(ala) zP(a|c)

P(cla) zP(c|c)
0.7205 0.2795z

= (74)
0.6843 0.3157z

while the generating function for the doublet dis-
tribution is given by

[, (2)=pP5~v=Y 7" (75)
k=0
wherep andv are the following vectors
1
P=(fur 2fe), V= (76)

1

We note that the matri®, is raised to the(m—
1) power in Eqg.(75), since unlike the case treated
in Eq. (37), there is no interaction included
between successive blocks. The generating func-
tion given in Eq.(75) is again a finite polynomial
in powers of the dummy variable and the
distribution giving the probability of finding c-
units in anm-block subject to the doublet frequen-
cies given in Eq(73) is then given by Eq(72).

In Fig. 11 we compare the-unit distribution
for blocks of m=20, 100 and 500 units. In each
case the solid smooth lines represent the distribu-
tions for random distributions as described above.
In each case the curve that is slightly higher at the
maximum value is for the singlet distributidiEqg.
(71)), while the other is for the doublet distribution
(Eg. (75)). One sees that there is not much
difference between the distributions obtained using
the singlet and doublet frequencies characteristic
of Rickettsia as given in Eqs(69) and (73). The
solid dots(joined by solid line segmenksare the
probability distributions based on the actual
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Fig. 11. The probability distributionP(k), that non-overlap-
ping blocks ofm bases inRickettsia havek bases that are C

or G. The smooth solid lines are the distributions based on
singlet and doublet distributions calculated using the generat-
ing functions of Eq.(71) and Eq.(75), respectively, form=

20, 100 and 500. In each graph the upper smooth curve at the
maximum is for the singlet distribution. The solid dots joined
by solid lines give the distributions actually found in tRiek-

ettsia sequence.

sequence oRickettsia obtained from non-overlap-
ping m-blocks. One sees that fat=20 there is
little difference between the actual and random
distributions. Forz =100 the actual distribution is
now noticeably broader than either of the random
distributions and, finally, form=500 the actual
distribution is very much broader than the random
distributions. This is exactly the pattern of behav-
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ior that we saw for the free energy distributions,
where, as in Fig. 5, there is little difference
between the distribution for =20 and the random
distributions and then, for the case of=500
illustrated in Fig. 6, the actual free energy distri-
bution is very much broader than the random
distributions.

In Fig. 12, we illustrate the fact that for large
the actual distribution is broader than the random
distributions in another way. We treat the case of
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) Actual Distribution
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n
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Fig. 12. The numberN(n), of bases that are C or G as a
function of the number of the blodistarting the counting from

the left end of the molecu)én non-overlapping blocks ofi=

1000 bases. The upper two graphs are for specific sequences
generated to have the singlet or doublet distribution®iok-

ettsia, while the lower graph is based on the actRalkettsia
sequence.
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m=1000 and label the successive blocks, starting
from the left end with the index. Son=1 is the
first block, n=2 is the second and so on. As a
function of n we then plot on the vertical axis the
number ofc-units, N(n), in that block number

D. Poland / Biophysical Chemistry 106 (2003) 275-303

For the singlet distribution result given in Eq.
(79), we have the constant value

{(m)=\f.—f?=0.4538 (81)

thus there is one number per block plotted. The \we note the difference between this quantity and
upper curve is for a specific sequence generatedthe quantityZ(m) defined in Eq.(55) for the free

to have the singlet distribution @fickertsia (given
in Eq. (60)), while the middle graph is for the

energy distributions. The difference in these two
guantities with respect to the placing of the square

case of a specific sequence generated to have thgqot of 1 arises because the free energy distribu-

doublet distribution ofRickettsia (given in Eq.
(73)). One sees that the singlet and doublet distri-
butions so obtained are very similar. The lower
graph is for the actual distribution iRickettsia
and here one finds that the spread of points is very
much greater than that found in either the singlet
or doublet distributions.

We can generalize this information about the
width of the actual distributions following the
approach used with respect to Fig. 8. First we note
that in this case the moments and hence the
standard deviations of the distribution are given as
derivatives of the generating functioh,, with
respect ta;

p,=(dl'/dz),_, and

wo=(d/dz (dT'/dInz)),_, 77

For the case of the singlet generating function of
Eqg. (71) we have

wi=mf, and w,=m(m—21)f2+mf, (78)
giving for the standard deviation
o (m)=/po—pi=m(|f.—f?) 79

We note that we obtain the standard result for a
random distribution that the width of the distribu-
tion varies as the square root of the sample size.
As with the free energy distribution it is convenient
to have a function that is asymptotic to a constant.
Thus, we define the following quantitgusing f.

of Eqg. (69))

(m)=c(m)/|m (80)

tion deals with the average free energy per unit in
the block.

We plot the quantity () defined above in Fig.
13. The irregular solid line gives the results fof
blocks in the actuaRickettsia genome, while the
dashed line is the constant value characteristic of
the singlet distribution given in Eq81). One sees
that the behavior shown in Fig. 13 is very similar
to that shown in Fig. 8 for the width of the free
energy distributions. For smat (say,m=20) the
widths of the actual and random distributions are
very similar. For largem (say, greater tham=
100 the actual distributions have a much greater
width with the quantity {(m) approaching an
asymptotic value. As was the case for the curve
for the free energy distributions, we can fit a
simple empirical function to the data. Our result
is
{(m)=1.30(1—0.643 exp—m/557) (82
which is very similar to the function df(im) given
in Eq. (58). In particular, the characteristic relax-
ation parametersy*, have similar values with
m* =606 for the free energy distributions and
m* =557 for the C or G distributions given here.
Recall thatn* is the value ofim where the function
is well on the way to its asymptotic value. The
ratio of the asymptotic values of the curves shown
in Fig. 13 is given by

{(Rickettsia) o (Rickettsia)  1.30

t(singled o(singled 0.454~ 280

(83

where we note again that on taking the ratio of
the {(m)s, the square root af in Eq.(80) cancels.
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0 1000 2000 3000 4000 5000
m

Fig. 13. The width, as described by the functi¢im) given in Eq.(80), of the distribution for the number of bases that are C or
G in blocks of m non-overlapping blocks iRickertsia. The solid jagged line gives the actual results found for Rieertsia
sequence, while the dashed line gives the expected result based on the singlet distribution as givei®by Hoe smooth solid
line is the empirical fit of theRickettsia data as given by E¢.82).

The number above is almost the same as theillustrated in Fig. 13, show essentially the same
corresponding ratio for the free energy distribu- behavior, we will use the behavior of the=C or

tions, 2.73, as given in Ed61). G content to try and understand the origin of the
distribution broadness that we find. It is clear that
8. Long-range correlation tables in order to understand this behavior we must take

into account correlations between consecutive

We have seen in Fig. 5 that the free energy blocks. This is easy to do for the content since
distribution for blocks ofm=20 is given quite ~ we can characterize a block simply by the number
accurately using local occurrence statisfisimglet, of ¢ units it contains and this number can vary
doublet and triplet distributions On the contrary,  from i=0 to i=m, that is,m+1 integer values.
whenm is made large, say:=500, as illustrated Note that we are not going to introduce any
in Fig. 6, the actual distribution is much wider variables describing the order or arrangement of
than the distribution based on local occurrence the Cs and Gs in the block, but just the net number
statistics. Fig. 11 shows that the same behavior of Cs or Gs.
holds for the distribution of C or G content. This ~ We thus introduce a correlation table that gives
is further illustrated in Fig. 12, which shows that the number of non-overlapping-blocks withi c-
for m=1000 the actual distribution is again much units that are followed by blocks containinigc-
broader that that given by using singlet and doublet units. As an example we consider blocks withk-
distributions based oRickettsia statistics. Finally, ~ 20. The number of such non-overlapping blocks
in Fig. 13 we compare the width functidjfm) of (starting from the left end of the molecule the
Eq. (80) for the Rickettsia genome with the value  Rickettsia genome is given below
for the singlet distribution and again obtain a very
large difference between the results obtained using Number of 20-blocks
local statistics and actual sequence forgreater =Integer parfl 111 52320)=55 576
than approximatelyz=100. (84)

Since the free energy distribution, illustrated in
Fig. 8, and the C or G content distribution, The number of consecutive non-overlapping pairs
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Actual Distribution

Product Distribution

Difference Distribution

Fig. 14. The distributionN,(i, j) of consecutive non-overlapping pairs of sequencesifer20 in terms of the number of C or G

in each sequence. The upper left-hand graph gives the actual distribution fRictteesia genome, while the upper right-hand
graph gives the distribution assuming random placen®@P(;), as given in Eq(87). The bottom graph shows the difference in
the two distributionsAN,(i, /) given by Eq.(89), showing that there are distinctly two mountains and two valleys in this difference

distribution.

of m-blocks is one less than this or
Number of pairs-55 575 (85

We then set up afm+1)(m+1) table (m/m for
shord that gives the number ofi, j) pairs of
blocks, which we will refer to asvy(i, j). The
resulting table is approximately, but not exactly,
symmetric, that is, it is not so that,(i, j) =Ny(j,

i) exactly. Form=20 the largest entries in this
table for theRickettsia genome are

Ny(5, 5)=1758 N5, 6)=1644
(86)
Ny(6, 5)=1634 N(6, 6)=1727

The complete correlation table is shown graphical-
ly in the upper-left graph in Fig. 14.

We can compare this with the numbers expected
if the m-blocks occurred at random. Then we
would have
Nyp* (i, j)= (55 579P()P(})) (87)
where P(i) is the random probability that am-
block will containi c-units as given by Eq(72).
The number in brackets is the number mt=20
pairs given in Eq(85). Note that unlike the actual
distribution functionN,(i, j), the distribution func-
tion given in Eqg.(87) is symmetric, that isN,* (i,
j)=Ny*(j, i). Using the P(i) obtained from the
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Fig. 15. lllustration of the difference distributiodN,(i, j) of Eqg. (89), shown in Fig. 14 form=20. In the left-hand graph the
white and black areas show where the difference distribution is positive and negative, respectively; in the gray area the difference
distribution is 0. The right-hand graph shows a graded distribution from positive to negative.

Rickettsia genome (using Egs.(69)—(72)), the
maximum terms in thev,* distribution are found
to be

N#(5, 5)=1620 Ni(5, 6)=1642
(88
N#(6, 5)=1642 Ni(6, 6)=1665

These values are not very different from the
numbers given in Eq(86) for the actual distribu-
tion in Rickettsia. The graph ofN,*(i, j) is given
by the upper-right graph in Fig. 14. One notes that
the two distributionsN,(i, j), the actual distribu-
tion, andNy* (i, j), the distribution for independent
blocks, are very similar and that the eye cannot
make out much difference between the two.
There is, however, a significant difference
between these two distributions and this difference
will explain the occurrence of the very broad
distributions we have been finding iRickertsia.
In order to see this, we construct the difference
distribution as follows:
AN, j)=Ng(i, ) =N (i, j) (89
Using the table elements shown in E486) and
(88) as examples, we have

AN,(5, 5 =138 AN6, 5=2
(90)
AN,(6, 5)=—8 AN(6, 6)=62

We note that the elements ixwW, can be positive
or negative. The elements having the extreme
positive and negative values are
AN(3, =201 ANy (4, 9 =-152 (91
One notes that the extreme values given in Eq.
(91D are approximately 10% of the maximum
values given in Eq(86) or Eqg. (88). Thus, some
pair correlations are larger than the values given
by the random placement of blocks, while some
are smaller and the magnitude of this effect is
approximately a 10% change in correlation, a
moderate, but important, amount.

The striking feature of the functioAN,(, j) is
not so much the magnitude of the effect, but the
distribution of positive and negative deviations
from random behavior. This is seen in the lower
graph in Fig. 14 where one sees two distinct
summits in the difference distribution and two
distinct valleys. This feature is seen clearly in the
left-hand graph in Fig. 15 where we plot simply
whetherAN,, is positive(white squaresor AN, is



298

negative(black squares the gray sguares repre-
sent no difference. The right-hand graph in Fig.
15 gives the gradual distribution, positi¢erhite)

to negative(black). Both of these graphs show the
same feature: there is a definite correlation between
where the white square&+) and black squares
(—) occur. The positive correlatior{svhite) occur
along the axis=j, while the negative correlations
(black) occur along an axis perpendicular to that.
This means that there is a tendency fomatlock

to be followed by anmm-block with a similar C or

G content. Thus, if one looks, for example yat

40 blocks as made up of pairs of consecutive

20 blocks, there will be a tendency far=20
blocks with a given C or G content to be followed
by like blocks. This correlation will make the
extreme values of the distribution with respect to
c-content more probable and explains the width of
the distributions we have been finding. Of course,
the reason why there is this correlation is a function
of the information content of the genone.g.
similar amino acids occur in certain proteinn
Appendix A we give an explicit example of
distribution broadening caused by block correla-
tion. In Fig. 16 we give the sign AN, for m=

50 (top graph andm=100 (bottom graph. One
sees that the tendency for blocks with a given C
or G content to be followed by like blocks persists
to largem values.

9. Block distributions from correlation tables

In Eqg. (75 we give the generating function,
I',.(z), for the probability of havingc c-units in a
block of m units as a matrix product utilizing the
matrix of nearest-neighbor conditional probabilities
Po, of Eq. (74). In that case the nearest-neighbors
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Fig. 16. lllustration of the difference distributiodN,(, j) of
Eqg. (89), for m=50 and 100. As in the left-hand graph in Fig.

were nearest-neighbor base pairs. We now want to 15, the white and black areas show, respectively, where the
give the analogous result where the states that wedifference distribution is positive and negative, while the gray

are correlating are the states of an entirdlock
with m of the order of 20 or larger.

The construction of the generating function in
this case is similar to that used to obtain Eg5).
We have a vectogp whose elements are the fraction
of m-blocks having a giver content that can vary
from i=0 to i=m+1. The matrixP, now gives
the conditional probability that given amn-block
containingi c-units it is followed by anm-block

area shows where the difference distribution is 0.

containingj c-units. Since both and; can vary
from 0 tom+1, Py is an (m+1)(m+1) matrix.
The analog ofv in Eg. (76) is an (m+1) unit
vector, each element of which is 1. f; is the
fraction of consecutive non-overlapping pairs of
blocks each having: units, then the conditional
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probability Po(il;) is given in general by Eq22),
that isPs(ilj) =f;/f

We can now use these quantities to construct
the generating function for a block that is com-
posed of a general integer number of smaler
blocks. Thus, the analog of EG75) is

m*n

Lsen(2) =p(m, 2)Pp(m, 2)""(m)=Y" a;z*

k=0

(92)

wheremsxn is to be read asni timesn’ where n
is a positive integer. Thus, the size of the resultant
block, m:xn, is m timesn. As with Eq. (75), one
can insertz factors to keep track of-units in p
andPp. As shown in Eq(92), the matrix product
yields a sum over powers af where the powers
can range from O tonxn. The coefficient ofz%,
the quantitya,, in Eq. (92), is the probability that
an msxn block contains k c-units (in any
arrangement

In Fig. 17 we illustrate this procedure by con-
structing the block probability distribution for the
case ofm:xn=>500 blocks based oRy successive-
ly usingm=50 (n=10) andm=100 (n=5) cor-
relation tables. In both graphs the jagged solid line
represents the actual distribution efsn=7500
blocks for the Rickettsia genome. The jagged
appearance illustrates that for large valuesnof
the actual distribution function need not be smooth.
In the upper graph in Fig. 17 the smooth solid
curve shows the-unit distribution function con-
structed from them=50 correlation table using
the generating function given below
I'500=pP(50)P (50)°v(50) (93
The lower graph shows a similar calculation where
I'sqo is constructed from then=100 correlation
table
I"s0o=p(100)P 5(100*v(100) (99
One sees that in both cases the distribution func-
tions constructed from large- correlation tables
reproduce the actuakickettsia distribution quite
well, with the results from the:= 100 correlation
table being especially good.
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Fig. 17. The distribution of C or G content in sequences with
m=>500. The jagged curve in both graphs gives the actual dis-
tribution for theRickertsia genome, while the smooth curve in
each graph gives the distribution given by the Markov chain
of Eq. (92), using the 5 50 correlation table in the top graph
and the 10 100 correlation table in the lower graph.

We next want to see if we can use H§2) to
reproduce the behavior shown in Fig. 13. This
figure gives the width of then-block distribution
as defined by the functiot(m) of Eq. (80). The
main feature of this function is that it levels off to
an asymptotic value at approximatety=2000.
We note that one can use Toeplitz matrices as
outlined in Egs.(43) and (44) to calculate the
required derivatives of the matrix product con-
tained in Eq.92). In Fig. 18 we show the quantity
{(m) calculated from then=50 correlation table
used in Eq.(92). The solid dots give the values
of mxn="50, 100, etc., that is, integer multiples
of 50. In Fig. 18 we also showi(m) calculated
using them=200 correlation table in Eq(92).
Here the solid dots give the values afkn that
are integer multiples of 200. The actu#ln) curve
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Fig. 18. The calculation of th&(m) function given by Eq(80)

and illustrated in Fig. 13 on the basis of sequence correlation
tables (50x50 or 200x 200, as labeled The dashed curve
shows part of the actual curve for tiRéckertsia genome as
shown in Fig. 13.

from the Rickettsia genome is given by the dashed
curve. One sees that thi€m) function calculated
from the m=50 correlation table levels off at a
value well below the actual asymptotic limit given
by the dashed curve. On the other haris)
calculated using then=200 correlation function
is very close to the actual behavior found for
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Rickettsia (dashed curveout to m=1000. Thus,
we see that correlations between blocks on the
order of m =200 are sufficient to explain the main
features (especially the width of the c-content
distribution functions.

Once the system has reached the asymptotic
limit, m ~ 1000, the matrix product in E¢92) can
be approximated well by using only the maximum
eigenvalue\,, of the matrixPp. In this case one
has
[ =N1(m)"  (m>1000 (95
Once the range of the limitz>1000 has been
reached, then, if Eq95) is a good approximation,
we have the following simple product relationship
between generating functions
| S

(m>1000 (96)

mxn
where, againg is a positive integer.

We first illustrate the fact that Eq(96) does
not hold form <1000. In Fig. 19 we approximate
the c-content distribution function forn=21000
using products of generating functions for smaller
values of m. The lower, irregular curve is the
actual distribution from theRickettsia genome,
somewhat smoothed by local averaging. The other

0.025

0.02

0.015

Pk)

0.01

0.005

200 250

300
k

350 400

Fig. 19. The calculation of sequence generating functions as products for the oasel600. The lowest curve gives the actual
sequence distribution function far=1000. The upper three curves give, respectively, starting from thel§3f° I'{°and T 1%
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Fig. 20. The calculation of sequence generating functions as
products for the cases @i=2000, 3000, 4000 and 5000. In

each case the generating function was produced from the gen-

erating function forn=1000 as given in E¢(98).

three curves represent the following product
approximations using Eq96)

I1000= T T 100 T Y8 T 1005 I 00 (97
The top three curves plotted in Fig. 19 give the
functions listed in Eq(97), the curves from top
to bottom representing, respectively, the functions
left to right. One sees that the product approxi-
mation gets better as the value mfused in the
product generating function increases, but that
none of the functions given in Eq97) gives a
good approximation to the actuat-content
distribution.

Finally, we construct the following distribution
functions

-T2 T3
1—12000_1_‘1000 r BOOO_F 1000

(98)

—T4 _T5
1—‘4000_1—‘1000 r SOOO_F 1000

as illustrated in Fig. 20. In each case the lower
curve is the actuat-content distribution based on
the Rickettsia genome(again smoothed by local
averaging. One now sees that forn>1000 the
product approximation of Eq96) gives an excel-
lent representation of the actual distributions, par-
ticularly with respect to the width of the
distributions.
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10. Summary

In this paper we have shown that if one looks
at the free energy of the DNA helix @tickettsia
in non-overlapping consecutive blocks containing
m base pairs, as shown in Figs. 1 and 2, one
obtains a relatively smooth distribution. Using=
20 as an example, the distribution function
obtained can be fit well using the maximum-
entropy method using two to four moments as
shown in Fig. 13. In addition, still fom =20, the
distribution can be reproduced using local base
occurrence statistics obtained from tRé&kettsia
genome(singlet, doublet or triplet statistitsas
illustrated in Fig. 5. On the basis of the evidence
for m=20, it would seem that there is nothing
extraordinary about the free energy distribution:
the base sequence contains the genetic information,
but with respect to the helix free energy, the base
occurrence can be considered to depend only on
local statistics.

The picture changes dramatically when one
looks at blocks containing hundreds of units as
shown in Fig. 6 for the case ofi=500. In this
case the distribution function obtained from the
actualRickettsia genome is very much broadérsy
more than a factor of 2than obtained using local
statistics. This effect is dramatically shown in Fig.
9 where the functior¥(m) =go,,/m of Eq. (55) is
plotted for distributions obtained from the actual
Rickettsia sequence and for distributions based on
local (doubled statistics wherer,, is the standard
deviation of the appropriate distribution. We have
suggested in the discussion surrounding &f)
that the scale of the behavior @fm) with respect
to m shown in Fig. 9 indicates that the free energy
content varies significantly from gene to gene, the
average gene size being about the valuenof
(=1000 base pai)sat which the function begins
to bend over toward its asymptotic value.

To explore this effect further we turned to a
simper distribution function, namely, that of the
net C or G content in a block of: base pairs. It
turns out that the distributions for this variable
closely resemble those for the free energy at
comparablem values as shown in Fig. 11. The
width function for these distributiong(m)=a,,/
ym, as shown in Fig. 13, also parallels the corre-
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sponding form for the free energy function shown
in Fig. 9.

For the case of C or G content there is a single
number characterizing the state of amblock,
namely, the number of C or G unitsvhich can
vary from O tom). Fig. 15 shows the possible
states of a 20-block in terms of the states of a
following 20-block, giving the difference between
the doublet correlations for the actuRickettsia
distributions and those based on random occur-
rence. The white and black squares indicate,
respectively, positive and negative differences
between the two distributions. The fact that the
white and black squares occur in distinctly differ-
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block:

Random distribution

P(0)=f3, P(D=fd1+ffo
P =fof2tfof1Hf T o
P(3)=f1f2+f2fb P(4)=f;f2

(A2)

Now consider the case where the probability of
the (0, 0) and (2, 2) states is increased, while the
probability of the (0, 2) and (2, 0) states is
decreased, wherg, j) indicates stateé-of anm=
2 block followed byj-state of the neighboring =

ent regions of the correlation table has enormous 5 piock. This case is the analog of the behavior

significance for the width of the distribution:
blocks with a given C or G content tend to be
followed by like blocks and vice versa. As illus-
trated in Appendix A, this effect naturally leads to
a broadening of the distribution. Thus, in order to
explain the width of the distribution for C or G
content(or free energy contehtwe must consider
correlation tables between consecutiveblocks
for m of the order of several hundred base pairs.
When we do this, using:=200 as an example,
then we can reproduce the behavior of the width
function of Fig. 13 as shown in Fig. 18.

Appendix A: Correlation broadening
As an example of a case where correlation

between successive blocksequences with similar
¢ (C or G) content tend to follow one anotber

we found in the correlation tables where the
probabilities of the diagonal termdike followed

by like) are increased and the probabilities of the
off-diagonal terms(unlike statey are decreased.
As a specific example of this effect we modify the
probabilities given in Eq(A2) as follows:

Correlation distribution

P(0)=af3, P(D=fd1+f{o
(A3)
P =Bfof 2+ ff1+Bf {0

PR)=fifo+fofr, P@A=aff>

causes the distribution to get broader, we consider We takea > 1 to increase the correlation of diag-

the following. Take the case whene=2, so there
are three states per bloaks 0, 1 and 2 wheré is

the number of C or G units in am=2 block. We
take the quantitieg,, f, andf, as the probabilities,
respectively, of these three states. Next we con-
struct the pair distribution for the case where the
occurrence of successive=2 blocks is random.
This gives the following distribution for two con-
secutivem=2 blocks, or a singlen=4 block
g=(fotf1t+f2)? (A1)
On multiplying this expression out, we obtain the
random distribution for the five states of an=4

onal terms an@ <1 to decrease the correlation of
off-diagonal terms. To retain normalization of the
total distribution we require(for our choice of
correlations given in Eq(A3))
a+p=2 (A4)

As a numerical example we takig=0.3, f,=
0.4 andf,=0.3 as the probabilities for the=2
block. The random distribution based on these
numbers as given in EqA2) is shown in the
upper graph in Fig. 21. Next we turn to the
correlation distribution using the above numbers
in addition to the valuea=1.4 andg =0.6 in Eq.
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Random

Pair Correlation

0 1 2 3 4
k

Fig. 21. lllustration of broadening of distributions caused by
pair correlations for the case @i=4 given in Appendix A
The upper graph gives the random distribution given by Eq.
(A2), while the lower graph gives the distribution when cor-
relation is included as given by EGA3).

(A3). On comparing the graphs in Fig. 21, one
sees that the effect of correlatidincreasing the
probability that like follows like causes a marked
broadening of the-content distribution.
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