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Abstract

In this paper we explore the free energy distribution in the helical form of DNA using the genome of the virus
Rickettsia prowazekii Madrid E as an example. The genome of this organism has been determined by Andersson et
al. (Nature 396(1998) 133) and is available on the World Wide Web(www.tigr.org). Using the helix statistical
weights based on nearest-neighbor base pairs of SantaLucia(Proc. Natl. Acad. Sci. USA 95(1998) 1460), we
calculate the free energy in consecutive blocks ofm base pairs in the DNA sequence and then construct the free
energy distribution for these values. Using the maximum-entropy method we can fit the distribution curves with a
function based on the moments of the distribution. For blocks containing 10–20 base pairs the distribution is slightly
skewed and we require four moments to accurately fit the function. For blocks containing 100 base pairs or more,
the distribution is well approximated by a Gaussian function based on the first two moments of the distribution. We
find that the free energy distribution forms20 can be reproduced using random sequences that have the local
(singlet, doublet or triplet) statistics ofRickettsia. However, for much larger blocks, for examplems500, the width
of the free energy distribution based on the actualRickettsia genome is broader by almost a factor of 3 than the
distributions based on random local statistics. We find that the distribution functions for the C or G content in blocks
of m base pairs have almost the same behavior as a function of block size as do the free energy distributions. In
order to duplicate the width of the distribution functions based on the actualRickettsia sequence, we need to introduce
tables (matrices) that correlate the states of consecutive blocks hundreds of base pairs long. This indicates that
correlations on the order of the number of base pairs contained in the average gene are required to give the actual
widths for either the C or G content or the helix free energy distributions. Above a certainm value, the distributions
for largerm can be accurately expressed in terms of the distribution functions for smallerm. Thus, for example, the
distribution forms5000 can be expressed in terms of the generating function forms1000.
� 2003 Elsevier B.V. All rights reserved.
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1. Introduction

We recently published a paper on the statistical
mechanics of the unwinding of the double helix
of DNA using the genome ofTreponema pallidum,
the syphilis spirochete, as an examplew4x. The
statistical mechanical methodology required for
that calculation was based on a previous paperw5x
that outlined a method for calculating the statistical
mechanics of a specific-sequence molecule with
long-range correlations(in DNA this is the entropy
effect of closed loops formed when the double
helix is unwound in the interior of the molecule).
Recently, the melting profile of the entire human
genome has been determinedw6x using the method
mentioned above as a starting point.

One of the main features of the melting profiles
found in these studies is that when the molecule
is, say, half unfolded, there are distinct, clearly
defined regions that are helix and regions that are
clearly coil. The distribution function for helix
probability is essentially a step-function, either
zero or one, over a range of thousands of base
pairs. This phenomenon is partly due to the long-
range entropy effect of the loops and partly due to
the intrinsic free energy of the helix arising from
the interaction of base pairs. In the present paper,
we will examine the distribution of the free energy
in the helix form of DNA alone in order to see if
we can determine some simple properties of this
distribution that will shed light on the more com-
plex problem of the complete equilibrium between
helix and coil.

A key ingredient for this study is the helix
statistical weight of a given base pair at sitei in
the chain followed by another given base pair at
site iq1 relative to the free-coil state(no loops)
as a reference. This is the analog of thes para-
meters used by Zimm and Braggw7x and Zimm
w8x in treatments of the helix–coil transition in
polypeptides and DNA, respectively. SantaLucia
w3x has given a consistent set of the requireds
parameters for the double helix of DNA. Thes
factors contain contributions from hydrogen bonds
between bases and stacking interactions between
neighboring base pairs and are expressed in terms
of the following free energies as given in his Table
2:

G sy7.9q0.0222T,1

G sy7.2q0.0204T,2

G sy7.2q0.0213T,3

G sy8.5q0.0227T,4

G sy8.4q0.0224T,5

G sy7.8q0.0210T,6

G sy8.2q0.0222T,7

G sy10.6q0.0272T,8

G sy9.8q0.0244T,9

G sy8.0q0.0199T (1)10

whereT is the absolute temperature in Kelvin. The
free energies given in Eq.(1) have the units of
kcalymole. Thes parameters are then given as

s sexp(yG yRT) (2)n n

In units of kcalymole, the quantityRT in Eq. (2)
is given by

RTs(1.9872T)y1000 (3)

We can then construct anS matrix where the
elements represent the base-pair interactions
between nearest-neighbor base pairs(where the
symbol T below stands for base thymine and is
not to be confused with the temperatureT used in
Eqs.(1)–(3))

A general element in the matrixS gives the s
value for the base at a general sitei (row index)
followed by the base at siteiq1 (column index);
the complementary bases in the antiparallel chain
are understood. Thus, for example, the TC matrix
element stands for the following pair interaction,
i.e. TC in one chain and AG in the antiparallel
chain

TCsTCyAGs59-TC-39y39-AG-59 (5)
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We note from Eq.(1) that there are only 10
independents values as given by Eq.(2) due to
the symmetry of the double helix.

Here we will use as an example the entire
genome of the virusRickettsia prowazekii Madrid
E as given by Andersson et al.w1x and available
on the webw2x. This genome is 1 111 523 base
pairs long and has the following fractional
composition:

f s0.353743; f s0.356254;A T

(6)

f s0.143796; f s0.146207C G

Given the known genome, one can tabulate the
number of occurrences of each of the base-pair
interactions as given in the matrix of Eq.(4).
Then using the free energies given in Eq.(1), one
can calculate the temperature at which the total
helix free energy is zero(relative to the completely
unwound chains). This temperature is found to be

T s364.217 K (7)m

and represents the temperature at which the aver-
age s value in the molecule is 1. It is also
approximately the melting temperature of the dou-
ble helix. Thus, at this temperatures)1 favors
helix ands-1 favors coil. Throughout this paper
we will use theT given in Eq.(7) as the valuem

of the temperature. AtT the elements of theSm

matrix of Eq.(4) have the following values:

One sees that, in general, interactions involving A
and T favor coil, while interactions involving C
and G favor helix.

2. Block-s profiles

Using the matrix ofs values(evaluated atTs
T of Eq. (7)) for all possible nearest-neighborm

base pairs given in the matrix of Eq.(8), one can
then use the known sequence ofRickettsia and
calculate the averages values in non-overlapping
blocks ofm base pairs as a function of the position
of the given block in the chain, thus producing a
profile of averages as a function of chain position.
We let the indexi denote the position of a base
pair in the chain and the indexj denote the number
of the block containingm base pairs(where both
i and j are measured starting from the left-hand
end of the chain). Thus, for blocks containingms
10 base pairs we haveis1–10 for the first block
( js1), is11–20 for the second block( js2) and
so on. Formally, the block indexj is given as a
function of base-pair locusi for blocks containing
m base pairs as follows

w z(iy1)
js 1q (9)x |

my ~

where the square bracket indicates that one takes
the integer part of the quantity enclosed. Given a
block of m base pairs that begins at base pairi in
the chain, one first calculates the product ofm
consecutive base-pair interactions and then takes
the 1ym root, as shown below, to give the geo-
metric mean value ofs for the block j, which we
will refer to asSj

gqm 1ymB E
Ss s(i, iq1) (10)C Fj 2

D Gisgq1

where

gsm( jy1) (11)

We recall thatj is the number of the block starting
from the left end of the molecule withjs1. Note
that when we get to the end of a block, the nearest-
neighbor of the last unit is simply the next unit in
the chain, i.e. the first base pair of the next block.

From Eq. (2) one sees that the factorss are
related to the Gibbs free energy for base-pair
interactions. Thus, lnS gives the negative of thej

arithmetic mean Gibbs free energy(divided by
RT) per base pair in the block. The condition
ln S )0 favors helix, while the condition lnS -0j j
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Fig. 1. The averageS values for blocks ofm base pairs, as
defined by Eq.(10), as a function of location in theRickettsia
genome. Eq.(9) gives the relation between block number,j,
and base-pair number,i, in the genome. The upper curve gives
S for blocks of 20 base pairs and covers base pairs 300 000–j

306 000 in the sequence. The middle curve shows lnS for thej

samem value and sequence. The lower curve shows lnS forj

blocks of 100 base pairs and covers base pairs 300 000–
330 000 in the sequence. The dashed curve in the upper graph
represents the locus ofSs1, which is the overall average for
the entire genome atTsT given by Eq. (7). The dashedm

curves for the other two graphs give the locus of lnSs0.

Fig. 2. The average lnS values for the same conditions usedj

in Fig. 1 for blocks ofms2000 base pairs as a function of
location in theRickettsia genome for the entire genome. The
dashed curves give the locus of lnSs0 for reference.

favors coil ( just asS )1 favors helix andS -1j j

favors coil). For S f1 the behavior of profilesj

with respect to bothS and lnS are very similar.j j

This is illustrated in Fig. 1 where the top two
graphs compare sequences ofS (top graph) andj

ln S (middle graph) for blocks of ms20 basej

pairs atT . The step-graphs assign the averageSm j

or ln S to all of the base pairs in anm-unit block.j

The sequence illustrated starts at base pair number
300 000 in theRickettsia sequence and shows 6
kilobases of sequence. One sees that the two
profiles are very similar. The lower graph shows
the profile of lnS for ms100 atT . For this casej m

we illustrate the profile for 30 kilobases of
sequence starting, as before, at base pair number

300 000 and treating the same number of blocks
as was the case forms20 (the block size forms
100 is five times the block size forms20). Notice
that the vertical scale for the middle and the lower
graphs is the same thus illustrating the fact that as
the block size increases, the fluctuations in average
ln S value decrease. It is precisely how the width
of the distribution of average lnS values decreases
that will be one of our main interests in the present
work. The dashed line in the upper graph gives
the locus ofSs1, while in the lower two graphs
the dashed lines give the locus of lnSs0, which
is the average lns value at temperatureT of Eq.m

(7). Throughout the rest of this paper we will give
profiles of lnS that show how the average freej

energy per base pair in a block ofm base pairs
varies as a function of the location of the block in
the sequence.

In Fig. 2 we show another profile of lnS . Inj

this case the value ofm is much larger withms
2000 and we show the profile for the entire
genome(rounding off the size of the genome at
the right end to give an integer number of blocks).
Notice that in this case the range of the vertical
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scale is approximately one-third of that used in the
lower two graphs in Fig. 1, reflecting the fact that
as the block size gets bigger, the range of fluctu-
ation in the average free energy decreases. There
are two blocks where the averages value exceeds
the scale used in Fig. 2; the average lnS valuesj

in these two cases are both approximately equal
to 2.

The first impression one has of the free energy
profiles shown in Figs. 1 and 2 is that they appear
to represent random variations in the free-energy
values. We will see that this is both true and false:
the profiles forms20 are well represented by a
random distribution of base pairs, while the pro-
files for ms2000 have pronounced deviations
from random behavior. Thus, there is a transition
from random behavior for smallm values to
nonrandom behavior at largem values and it is
this phenomenon that is the focus of the present
paper.

3. Block distributions

We now examine data such as shown in Figs. 1
and 2 to see if there is any pattern to the distri-
bution function for the different lnS values shown.j

To this end we collect the number of lnS values
that occur in a given lnS range and then plot the
distribution function. We will take the grain size
for the lnS values as

Dln Ss0.01 (12)

We note that lnS and Dln S are dimensionless
quantities. The values of lnS that lie between(ky
1)Dln S and(k)Dln S will be put in bin-k and this
bin will be assigned a mean lnS value half way
between these two bounds

B E1
C Fln S(k)s ky Dln S (13)
D G2

The distribution functionP(k) gives the probability
of a ln S value being in a givenk-bin and is simply
proportional to the number of blocks having a
value of lnS in the prescribed range. This proba-
bility distribution is normalized according to the

following condition(discrete analog of the integral
over the distribution function):

P(k)Dln Ss1 (14)8
k

The quantityP(k)Dln S is then the probability of
ln S occurring in bin-k.

We then take the data from a profile such as
either of those given in the lower two graphs in
Fig. 1 and classify each plateau as to which
particular bin-k it belongs in. The step-function
curve shown in the upper graph in Fig. 3 shows
the distribution function obtained in this manner
for the case of blocks withms20 such as shown
in the middle graph of Fig. 1(using similar data
for the entire genome). One sees that in this case
one obtains a very well behaved function for the
distribution of helix free energies. We now show
that one can fit this function using a small number
of moments of the distribution.

We have recently addressed the question of
obtaining distribution functions from moments for
a variety of different problems concerning biolog-
ical macromoleculesw9–19x. The overall approach
utilizes the maximum-entropy method that gives
an approximate distribution function based on a
small finite number of moments of the distribution.
In the present case we can use Eq.(14) to calculate
the moments of the distribution function. The
following relation gives thenth moment of lnS(k)
distribution:

nm s ln S(k) P(k)Dln S (15)n 8
k

In the maximum-entropy methodw9x the distribu-
tion is given by the following functional form
(finite polynomial inx)

nw z
jf(x)sexp y l x (16)x |j8

y ~js0

Givenn moments of the distribution, one can trade
these values for the values of thel parametersj

used in Eq. (16) (this is accomplished by a
straightforward nonlinear iteration procedure).
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Fig. 3. The upper graph gives the distribution function for the
occurrence of average lnS values for blocks ofms20 base
pairs, based on data similar to that shown in the middle graph
in Fig. 1, for the entireRickettsia genome. The lnS values are
sorted into bins withDln Ss0.01; thek-index gives the number
of the bin as defined in Eq.(13). The middle graph repeats
the upper graph and compares it with the maximum-entropy
approximation(solid curve) to the distribution constructed
using two moments. The lower graph is similar to the middle
graph, but shows the maximum-entropy distribution construct-
ed using four moments.

Fig. 4. The distribution function for the occurrence of average
ln S values for blocks ofms100 base pairs. The step-graph
gives the block-distribution function for the entire genome,
while solid curve gives the maximum-entropy approximation
based on two moments.

In the two graphs in Fig. 3 we show the results
of this procedure. The step-function curve gives
the actual distribution obtained from theRickettsia
genome, while the solid curve in the upper graph
(labeled ‘two moments’) gives the maximum-
entropy approximate distribution constructed using
two moments of the actual distribution. The solid

curve in the lower graph(labeled ‘four moments’)
gives the maximum-entropy approximate distribu-
tion constructed using four moments of the actual
distribution. For the case where one uses only two
moments, the sum in Eq.(16) is a quadratic
function and hence the distribution function in this
case is essentially equivalent to a Gaussian distri-
bution. The two-moment, or Gaussian, approxi-
mation is seen to work quite well in this case,
while the use of four moments, as in the lower
graph, gives an even better approximation.

As the block size,m, is increased, the two-
moment (Gaussian) approximation becomes an
increasingly good fit for the step-function distri-
bution. We illustrate this point in Fig. 4 where we
show the step-function distribution for lnS for the
case ofms100 using the entire genome atT .m

The solid curve represents the maximum-entropy
(or, in this case, Gaussian) distribution based on
two moments. Thus, form)100 we will use the
maximum-entropy distribution function based on
two moments as a good approximation to the
actual distribution.

From the examples given above we see that the
block-distribution functions of the free energy are
well-behaved functions, which, form)100, can
be approximated very well by a Gaussian(two-
moment) function. The question then arises as to
whether these Gaussian functions derived from the
actual specific sequence of theRickettsia genome
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can also be derived from the statistics of the local
occurrence of different bases. Of course, the pri-
mary determinant of the base sequence in DNA is
the genetic information the sequence contains with
the resultant thermal stability of the helix being a
secondary property. Here we want to see if the
thermal stability behaves as if one had a random
sequence.

4. Models based on local occurrence statistics

In this section, we will see if we can reproduce
the block distributions such as shown in Figs. 3
and 4 from simple models based on the statistics
of local base-pair occurrence. First, we use the net
base fractions given in Eq.(6) to construct the
singlet distribution, which depends only on the
type of base at a given location and not on the
state of neighboring bases:

Next, we count the number of overlapping doublets
(this means, for example, that the sequence abcd
would yield the doublets ab, bc and cd). The
Rickettsia genome has the following nearest-neigh-
bor frequencies:

We can check immediately if these are signifi-
cantly different from the frequencies that one
would obtain if the placement of bases were
completely random, in which case one would have
(independent units)

f sf f (19)ij i j

For example, the fraction of TC doublets would
be f f s(0.3563)(0.1438)s0.0512 (taking theT C

singlet frequencies from the table in Eq.(17)),

which is to be compared with the actual frequency
given in Eq. (18) of 0.0465. A table of nearest-
neighbor frequencies based on random placement
using Eqs.(17) and(19) above is given below:

One notes that while there are some small differ-
ences between the numbers given in Eqs.(18) and
(20), the Rickettsia doublet frequencies in general
are given quite accurately as the product of the
singlet frequencies. One notes that the table based
on random pairs is symmetric, while that for the
actual doublet frequencies is not.

The quantity of interest for constructing distri-
bution functions is the matrix of conditional prob-
abilities. The general form for the doublet
conditional probability is given below:

P(i±j)sProbability that giveni, j follows
(21)

and is constructed from the table of doublet fre-
quencies given in Eq.(16) as follows

P(i±j)sf yf (22)ij i

If the doublet frequencies are random(given by
Eq. (19)), then one has

P(i±j)sf yf sf f yf sf (23)ij i i j i j

Using the data given in Eqs.(17) and (18) we
obtain the following matrix of doublet conditional
probabilities forRickettsia
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We can then go on to consider overlapping
triplets. Of course, the genetic code is in terms of
non-overlapping triplets, but we are considering
triplets here simply as the next step in describing
local correlations. The triplet conditional probabil-
ities are given in general as follows

P(i j±k)sProbability that giveni j, k follows
(25)

To determine this probability we count overlapping
triplets(this means, for example, that the sequence
abcde would yield the triplets abc, bcd and cde)
and construct the quantities

P(i j±k)sf yf (26)ijk ij

where f is the fraction of a particular triplet ofijk

bases. If the occurrence of bases is random, then
one has

P(i j±k)sf f f yf f sf (27)i j k i j k

The table of triplet conditional probabilities
obtained from theRickettsia sequence is given
below:

If the base occurrence was random, then all of the
entries under the column index A would bef sA

0.3537 as given by the singlet distribution of Eq.
(17), and so on. One sees that from the point of
view of the occurrence of triplets, the distribution
is not far from random.

We will now generate random, but specific,
sequences that have, successively, the singlet, dou-
blet and triplet distributions characteristic ofRick-
ettsia. For simplicity we replace the base
designators A, T, C and G with the numbers 1, 2,
3 and 4. We start with the singlet distribution
where we designate the net frequency of occur-
rence of each type asf , f , f and f (with f q1 2 3 4 1

f qf qf s1). We then define the four numbers2 3 4

L sf , L sL qf , L sL qf ,1 1 2 1 2 3 2 3

L sL qf s1 (29)4 3 4

We let k indicate the type of unit(ks1–4). To
obtain the value ofk we pick a random number,
R , between 0 and 1. The type of unit is thenn

determined as follows:

if R (L then ks1n 1

if R 0L and (L then ks2n 1 2

(30)

if R 0L and (L then ks3n 2 3

if R 0L and (L then ks4n 3 4

When this process is repeated, say a million times,
one will generate a specific sequence ofk values
that has, statistically, the overall composition given
by the appropriate singletfs.

In order to generate a random but specific
sequence that has a given set of doublet conditional
probabilities, one proceeds in the same fashion.
One begins at the left end of the sequence and
picks the first unit according to the given singlet
probabilities for the molecule as in Eq.(30). Then
one defines a set of frequencies for the next unit
as follows
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Fig. 5. Block-distribution functions of lnS for ms20 base
pairs for specific sequences of 1 111 520 base pairs generated
to satisfy the specific singlet, doublet or triplet statistics for
Rickettsia as indicated in Eqs.(17), (24) and (28). The gen-
eration of the specific sequences is outlined in Eqs.(29) and
(30). The continuous curve in each graph gives the four-
moment maximum-entropy approximation to the actual block-
distribution function forRickettsia as shown in the lower graph
in Fig. 3.

f(k)sP( j±k) (31)

Notice that in this case thef(k) values depend on
the preceding unit-j and are not constant as was
the case for singlets. One then picks the value of
k as given in Eqs.(29) and (30). For the case of
triplet conditional probabilities, it is done the same
way. The first two units in the chain on the left
are picked, respectively, according to the given
singlet and doublet probabilities. One then defines
the following set of frequencies for the next unit
as follows

f(k)sP(i j±k) (32)

The values off(k) in this case now depend on the
states of the two preceding units in the chain. One
then uses Eqs.(29) and (30) to pick the type of
unit for k. In this manner one can generate specific-
sequence chains that are generated randomly but
have a specified singlet, doublet or triplet
distribution.

We now use our tables for singlet, doublet and
triplet probabilities obtained from theRickettsia
genome to construct lnS distributions and observe
how the block distributions so obtained compare
with the actual distributions. In Fig. 5, we show
the distribution function for blocks of 20 base
pairs obtained from specific sequences generated
with the specific singlet, doublet and triplet distri-
butions given above. In each case the specific
sequence was 1 111 520 base pairs long(giving
55 576 blocks ofms20). To obtain the distribution
functions for these sequences, one uses the same
procedure employed for the actual sequence with
ln S boxes ofDln Ss0.01. In Fig. 5 the smooth
solid curve in each graph is the maximum-entropy
distribution obtained using four moments forms
20 blocks for the actualRickettsia sequence as
shown in the graphs in Fig. 3. One sees that all
three local distributions, singlet, doublet and trip-
let, give essentially identical results for the distri-
bution of lnS in blocks of ms20, and all agree
very well with the actual distribution of lnS found
in Rickettsia.

The results shown in Fig. 5 suggest that the
distribution of double helix free energy inm-
blocks is described well by the local statistics of

occurrence of singlets, doublets or triplets with the
simplest, the singlet distribution, giving as good a
representation of theRickettsia 20-block distribu-
tion as the others. Since big blocks represent an
average over the behavior of constituent smaller
blocks, one would expect that the trend one sees
in Fig. 5 (good representation of the lnS distri-
butions by simple local distributions) would, if
anything, only improve as the block size increases.
It turns out that this is not the case and that asm
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Fig. 6. Distribution functions of lnS for ms500. The upper
curve gives the actual step-graph for theRickettsia genome;
the solid curve is the two-moment maximum-entropy approx-
imation. The middle curve gives the step-graph for a specific
sequence of 1 111 500 generated to give theRickettsia doublet
frequencies; the solid curve is the two-moment maximum-
entropy approximation. The lower graph compares the two-
moment maximum-entropy distributions for the actual
Rickettsia distribution and the specific-sequence doublet
distribution.

Fig. 7. A plot of the quantityZ(m)ss 6m, wheres is them m

standard deviation defined in Eq.(52) as a function ofm for
the singlet, doublet and triplet probability distributions con-
structed as outlined in the text. The dashed curves represent
the limiting value for largem obtained from the largest eigen-
value of the appropriate matrix as given in Eq.(57).

increases the difference between the lnS distribu-
tions obtained from local statistics and those actu-
ally found in Rickettsia increase in a dramatic
fashion.

We illustrate this phenomenon in Fig. 6. The
upper graph in Fig. 6 shows thems500 block
bin-distribution function for lnS as obtained from
the actualRickettsia genome. The smooth solid
curve is the two-moment(Gaussian) fit to the
distribution. The middle graph shows the lnS
distribution for a specific sequence of 1 111 500
(to give an integer number ofms500 blocks)
base pairs generated according to Eqs.(30) and
(31) for the doublet distribution ofRickettsia.
Again, the smooth solid curve is the two-moment
(Gaussian) fit to the distribution. Note that all of
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.

the graphs in Fig. 6 are drawn on the same scale.
Finally, in the lower graph in Fig. 6, we compare
the Gaussian curves for the distribution function
actually found inRickettsia and the distribution
function based on the doublet distribution inRick-
ettsia. Unlike the case forms20 where the actual
Rickettsia distribution and the singlet, doublet and
triplet distributions all were in good agreement,
here, forms500, there is an enormous difference
between the actual distribution and the doublet
distribution. The result that is clear in Fig. 6 is as
follows: the actual lnS distribution(or free energy
distribution) for blocks of ms500 is very much
broader than the distribution based on local statis-
tics (doublets). Thus, there must be a tendency for
weak helix formers and strong helix formers to
cluster (like with like) on the scale ofms500,
which is way beyond the range dictated by the
local statistics of base-pair occurrence. In other
words, there must be a correlation in helix strength
on the scale ofms500.

Clearly, the feature of interest in Fig. 6 is the
great difference in the widths of the two distribu-
tions shown. In order to understand this phenom-
enon better we need to have a general method to
generate the widths of distribution functions and
we turn to this task in the next section. The results

shown in Fig. 6 are for one specific sequence with
the indicated local(doublet) statistics. If one
generates another such sequence, one would obtain
slightly different results. One can generate the
average over all possible specific sequences with
given local statistics using a matrix product and
we outline this procedure in the next section.

5. Matrix generation of specific-sequence
averages

First, we give the overall form of the correlation
matrices required. As before we use the following
notation: As1, Ts2, Cs3 and Gs4. Then, the
general matrix,M , for treating doublet correla-D

tions(statesis1–4 in the chain followed by states
js1–4) is given below:

For the case of triplet correlations we require the
following 16=16 matrix, M , giving all possibleT
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Fig. 8. A plot of the quantityZ(m)ss 6m, wheres is them m

standard deviation defined in Eq.(52) as a function ofm for
the Rickettsia genome. Each point represents anm value; 500
values ofm are shown in steps of 10. The solid curve repre-
sents the empirical fit of the data given in Eq.(58).

Fig. 9. A plot of the quantityZ(m)ss 6m, wheres is them m

standard deviation defined in Eq.(52) as a function ofm. The
curve labeled ‘Rickettsia’ is the empirical function of Eq.(58)
and represents the data from theRickettsia genome. The curve
labeled ‘Doublet’ is the limiting value for the doublet distri-
bution as shown in the middle graph in Fig. 7.

triplets of consecutive statesi, j andk in the chain:

To calculate the moments of the lnS distribution
for m-blocks that satisfy a set of doublet frequen-
cies, one requires a vector and a matrix. The
elements of the vector are simply the singlet
probabilities of the four bases

ps(p ) (35)i

The matrix has the general structure of Eq.(33)
with the specific matrix elements indicated below:

w xP s P(i±j) expaq where q sln s (36)D ij ij ijŽ .

and a is dummy parameter that will enable us to
generate moments. We choose the definition of
q given in Eq.(36), since on taking the derivativeij

of the quantityP with respect toa a factor ofD

ln s will be brought down and we have chosen toij

deal with the distribution of lns. The following
matrix product generates all possible sequences of
base pairs for a blockm units long with the proper
singlet and doublet probabilities assigned

mG (a)spP v (37)m D

where v is a column 4-vector with all of the
elements equal to 1. We note that the matrixPD

is raised to themth power in Eq.(37) since from

Eq. (10) the averageS for a block includes the
interaction between the last base pair in the block
and the first base pair of the next block.

The matrix product in Eq.(37) has the following
general form:

w z
x |G (a)s P(n) exp a f(n) (38)m y ~82 8

n

where n indicates a general index for a specific
sequence in them-block; G is then a sum over all
such specific sequences. If one takes the following
derivatives ofG with respect toa, one generates
the moments of the distribution given below
(henceG acts as a moment generating function)

B EdG(a)
C F s f(n) P(n)Ž .8Ž8 .2
D Gda as0 n

N Ms q sm9sm ln SN M 18

2B Ed G(a) 2C F s f(n) P(n)8 Ž8 . 22 Ž .D Gda as0 n

2 22s q sm0 sm ln SN MŽ .2N MŽ8 .
(39)
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Fig. 10. The probability,P(n), that a base is in a sequence of like basesn units long. The solid dots are plots ofP(n) given in Eq.
(67) based on random occurrence of bases using the net fractions of each base fromRickettsia as given in Eq.(6). The solid line
gives the actualP(n) distribution found inRickettsia.

We designate these moments with primes since
they are related to the moments of the lnS distri-
bution but are not the same; we will give the
relation between the above moments and the
moments of the lnS distribution shortly. The
matrix product in Eq.(37) then generates all
possible sequences of anm-block with the pre-
scribed doublet frequencies. The moments given
by Eq. (39) are the analog of the moments given
in Eq. (15) based on the empirical block distri-
bution for givenm. We note that the quantitiesS
and lnS are defined as the mean values per base
pair for the block and hence one has them factors
in the expressions in Eq.(39) involving the aver-
ages of lnS.

For the case of the singlet probability distribu-
tion the quantitys still depends on the nearest-
neighbor composition and we require the structure
of the doublet matrices just outlined for that case.
To treat the singlet probability distribution one
uses the following form(Eq. (23)) for the condi-
tional probabilities in Eq.(35):

P(i±j)sp( j) (40)

To satisfy the distribution of triplet frequencies,
we require the following quantities, all of which

are based on the form of the matrix given in Eq.
(34). The analog of the vectorp given in Eq.(35)
is a vector with 16 elements composed with the
general structure of thei-column of M in Eq.T

(34). Thus, the first four elements are the proba-
bility p , the next four arep and so on. The1 2

analog ofP given in Eq.(36) has the structureD

of M , but utilizes only the indicesi and j withT

the general matrix element given by Eq.(35).
Finally, we require a matrix that uses all of the
information contained inM , the general matrixT

element of which is given below

w xP s P(i j±k)expaq (41)T jkŽ .

The moments of the lnS distribution for anm-
block are then given by the analog of Eq.(37),
which for triplets is

my1G (a)spP P v (42)m D T

where, in this case,v is a column 16-vector with
all of the elements equal to 1.

Given the first two moments of the distributions,
one can then construct the two-moment or Gaus-
sian approximation such as shown in the lower
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graph of Fig. 6. Thus, one can obtain this distri-
bution function from the matrix products given
above without having to generate specific sequenc-
es and one has the moments as a general function
of the block sizem.

In order to obtain the first two moments of a
distribution according to Eq.(39), one must take
the derivatives with respect toa of a matrix
product(for singlets or doublets this is the matrix
product given in Eq.(37), while for triplets this is
the matrix product given in Eq.(42)). We note
that the task of taking the derivative of a matrix
product is made simpler by utilizing the properties
of Toeplitz matricesw20,21x. In this approach one
does not first take the matrix product(generating
very complex expressions for the matrix elements)
and then take the derivative, but rather the other
way around. For example, if one wants to take the
derivative of a matrix productW(x) with respectm

to a general variablex, one first takes the derivative
of W with respect tox (which we designate as
W9) and then evaluates this matrix for a given
numerical value ofx. Thus, all of the matrix
elements of W and W9 are numbers and not
functions. We next construct the following Toeplitz
hypermatrix (matrix of matrices) where 0 is the
null matrix having the same size asW

B EW W9

As (43)C F
D G0 W

We then setBsA and finally, letting GsW ,m m

we have

w xdGydxsB 1,2 (44)

that is, the required derivative of the matrix prod-
uct G is simply the (1,2) element of the hyper-
matrix B (this element itself is a matrix) and is
obtained by raising the matrixA to themth power.
Since the elements in the matricesW and W9 are
simply numbers(one has setx equal to a number),
the matrix multiplication does not require the
multiplication of functions and the storage of the
complex results. This approach represents an easy
way to take the derivatives of complex matrix

products. Higher-order derivatives ofG are
obtained in a similar manner.

One can also calculate the asymptotic forms for
the moments in the limit of largem. In that case
G is given in terms of the largest eigenvalue,l ,1

of the appropriateW matrix as follows

mG(a)sl (a) (45)1

For as0, G is simply the sum of the probabilities
of all sequences and is equal to 1. Thus, one has

l (0)s1 (46)1

The derivatives required in Eq.(39) are then given
as follows

my1dGydasml l91 1

(47)
22 2 my2 my1d Gyda sm(my1)l l9 qml l0Ž .1 1 1 1

where

2 2l9sdl yda, l 99sd l yda (48)1 1 1 1

Evaluated atas0, the moments are given by the
following relations(using Eq.(46))

m9sml91 1

(49)
2m 99sm(my1) l9 qml 99Ž .2 1 1

Thus, to obtain the first two moments of the
distribution (and hence the Gaussian distribution
function) one need only obtain the first two deriv-
atives of the largest eigenvalue,l , evaluated atl

as0.
In order to obtain the derivatives ofl one need1

not have an explicit equation for the eigenvalues.
Rather one can evaluate the derivatives simply
using the secular equation of the appropriate matrix
directly. Thus, we form the following determinant
(where I is the identity matrix the same size as
W):

Z ZWylI s0 (50)
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and on expanding this equation(which can be
done by computer) one obtains a polynomial inl,
which we illustrate for the case whereW is a 4=4
matrix

2a (a)qa (a)l(a)qa (a)l(a)0 1 2
3 4qa (a)l(a) qa (a)l(a) s03 4 (51)

From the expansion in Eq.(50) one obtains
explicit expressions for the coefficientsa (a) giv-n

en in Eq. (51). One then takes the first two
derivatives of Eq.(51), explicitly with respect to
the a (a) coefficients and implicitly with respectn

to l(a). One next setsas0, and, from Eq.(46),
l (0)s1. Finally, one solves the two equations1

(the first and second derivatives of Eq.(51)) for
l9 andl0 . All of this can be done simply on the1 1

computer(which can take explicit derivatives and
assign symbols for implicit derivatives).

Thus, there is no problem in calculating the
derivatives of the largest eigenvalue required in
Eq. (49) to give the first two moments. Note that
one need not solve Eq.(50) (an example of which
is Eq. (51)) explicitly for l in order to obtain the
derivatives exactly.

The moments given in Eq.(49) refer to the net
averages per block. We want to obtain the average
per base pair in a block used in Eq.(10). In that
case we want the moments

2m sm9ym and m sm 99ym (52)1 1 2 2

We have seen that the distribution functions for
ln S are accurately given as two-moment or Gaus-
sian distributions. A convenient measure of the
width of a Gaussian distribution is the standard
deviation as given below in terms of the moments
given in Eq.(49)

2 2w z
x |ys9 s m 99y m9 s m l 99y l9 (53)Ž . Ž .ym 2 1 l ly ~

and we obtain the familiar result that the width of
the distribution varies as the square root of the
size of the system(which is m, the size of the
block).

If we use the moments in the ‘per unit’ system
given in Eq.(52), then we obtain the result

2y ys s l 99y l9 y m (54)Ž .m l l

indicating that in this system the width of the
distribution as measured by the standard deviation
gets narrower as the inverse of the square root of
the block size. It is useful to define a quantity that
is constant as a function ofm. From Eq.(54) this
is obtained by the following function

yZ(m)ss m (55)m

The above argument was based on using the largest
eigenvalue of the appropriate matrix. Thus,Z(m)
as given in Eq.(55) will be a constant,C, in the
asymptotic sense asm becomes large

yZ(m)ss m;C (56)m

We can now use the methods outlined above to
calculateZ(m) as a function ofm for the singlet,
doublet and triplet distributions characteristic of
the Rickettsia genome. The results are shown in
Fig. 7 whereZ(m) is given for each distribution
for ms4–100. The dashed line in each graph
gives the asymptotic value obtained from the
largest eigenvalue as illustrated in Eq.(56). This
constant has the following values, respectively, for
the singlet, doublet and triplet distributions

Cs0.652, 0.677 and 0.670 (57)

which are very close in value to one another.
Notice that in Fig. 7 the value ofZ(m) has already
settled down to the asymptotic values given in Eq.
(57) at approximately the pointms100. In addi-
tion, note that the total range of variation inZ(m)
for the range ofm shown is very small. Thus, for
the doublet and triplet distributionsZ(4) is approx-
imately 0.63, whileZ(100) is approximately 0.67,
indicating little variation.

We now return to the actual distributions for the
Rickettsia sequence and show the actual variation
of the quantityZ(m) defined in Eq.(56). This
quantity is plotted as a function ofm in Fig. 8
where we give all values ofm in multiples of 10
up to ms5000 (in all, 500 points are plotted).
One sees that there is some scatter, but a clear
pattern emerges. As we expect from our discussion
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above, the quantityZ(m) does level off to a
constant value, but the range of variation of the
results shown in Fig. 8 for the actualRickettsia
sequence is very much greater than that for the
singlet, doublet and triplet distribution as shown
in Fig. 7.

The solid curve shown in Fig. 8 is an empirical
fit to the data using the very simple form

w zU
x |Z(m)sc 1yb exp ymym (58)y ~Ž .

The constantsb and c are as follows wherec is
the limiting value ofZ(m) at largem

bs0.645 andcs1.85 (59)

The other constant,m*, is the most interesting of
the three parameters in Eq.(58) and has the value

m*s606 base pairs (60)

Note that in Eq.(58) the constantm* has the
significance of being the characteristic block size
for the relaxation ofZ(m) to its asymptotic value.
One sees in Fig. 8 that at this value ofmsm* the
curve Z(m) is approximately half way to its limi-
ting value.

We can now combine the empirical function of
Eq. (58), which represents the actual data of the
Rickettsia sequence shown in Fig. 8, with that of
the local distributions shown in Fig. 7. Since the
results for the local distributions are quite similar,
we pick the case of the doublet distribution for
comparison. On the scale of Fig. 8, the doublet
curve is simply a straight line withZ(m)s0.677
(of Eq. (57)). This equation and Eq.(58) are
shown in Fig. 9. In terms of this figure we can
understand our previous results. In Fig. 5 we found
that the Rickettsia distribution for ms20 agreed
about equally well with the singlet, doublet and
triplet local distributions. This is confirmed in Fig.
9 since forms20 the width functionZ(m) agrees
for the Rickettsia and doublet distributions. On the
other hand, forms500, as illustrated in Fig. 6,
the Rickettsia and doublet distributions are very
different. Ultimately, for largem, the Z(m) func-
tions in Fig. 9 level off for both the doublet and

the Rickettsia distributions. The ratio of the limi-
ting values is then given by(using the data in
Eqs.(59) and(57))

Z(Rickettsia) s(Rickettsia) 1.85
s s s2.73

Z(doublet) s(doublet) 0.677
(61)

Thus, the actualRickettsia distributions are approx-
imately three times broader than the doublet dis-
tribution for m greater than approximatelyms
2000. This difference in the widths of the
distribution functions is thus no minor effect
involving a few percentage points but rather a
major feature of the free energy distributions in
this genome. Note that in Eq.(61) the ratio of the
Zs equals the ratio of thess since the square root
of m in Eq. (56) cancels on taking the ratios.

What the graph in Fig. 9 shows is that the free
energy distribution in m-blocks is very much
broader than expected on the basis of local statis-
tics, which means that there are long-range corre-
lations in the distributions for largem. One usually
associates the effects of correlation, or cooperation,
in biomacromolecules with the sharpening of tran-
sitions such as the melting transition. In the present
case the correlations make the extremes of the
distribution more probable giving rise to a broader
distribution.

A reason for this broadening that immediately
comes to mind is the gene structure of the DNA.
In Rickettsia there are 1 111 523 base pairs and
834 protein-coding genesw1,2x. Thus, the average
number of base pairs per protein is

1 111 523 base pairs
834 proteins

s1333 base pairsyprotein (62)

and the average number of amino acids per protein
is 444. Now the number given in Eq.(62) has the
following relation to the characteristic numberm*
given in Eq.(60)

1333f2m* (63)

This number is thus seen to be approximately the
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m value whereZ(m) in the curve given in Fig. 9
levels off to the asymptotic value. Thus, there are
significant correlation effects on the scale of the
number of base pairs per gene. One can imagine
these correlation effects arising due to the different
amino acid compositions of different proteins, for
example, the difference between the compositions
of hydrophobic and hydrophilic proteins, with this
difference reflected in the base composition for
the DNA sequence over the gene length.

6. Distributions of same-base sequences

Another way to examine the apparent random-
ness of the distribution of the bases in DNA is to
examine the probability of sequences of different
lengths containing the same base. Thus, one counts
the number of A singlets, doublets, triplets and so
on. In general, using the actualRickettsia
sequence, we count the number of sequences of a
given base type that containsn bases of the
specified type. If we letN(n) be the number ofn-
sequences for a given base type, then the proba-
bility that a sequence picked at random from the
total set will haven-bases is simply given by

p(n)sN(n)y N(n) (64)8
n

Another distribution of interest is the probability
that a base picked at random from the total set of
bases of a given type is in a sequencen-units
long. This probability is given by

P(n)snN(n)y nN(n) (65)8
n

If the occurrence of base types in the molecule
is random with fractionf for a given base type,
then the two probabilities given above are propor-
tional to the following quantities

n np(n);f and P(n);nf (66)

Using the forms given above, the two normalized
probability distributions are then

2B E B E1yf (1yf)n nC F C Fp(n)s f and P(n)s nf (67)
D G D Gf f

In Fig. 10 we show the distributionP(n), the
probability that a base is in a sequence ofn units
for the actualRickettsia sequence and for a random
distribution having thefs characteristic ofRickett-
sia (given in Eq.(6)). The solid curves show the
data for the actualRickettsia distribution, while
the solid dots give the results of usingP(n) from
Eq. (67). One notes that with respect to this test,
the random singlet model gives the same-base
sequence distributions very accurately. Thus, just
as we found that the statistics for the free energy
distribution for block sizes of the order ofms20
(Fig. 5) are accurately given by the random singlet
distribution, we find here that the sequence distri-
butions are also very accurately given by Eq.(67),
which assume random placement. But again, this
is for structure on the order of 10–20 base pairs.
From Figs. 6 and 9 we see that on the scale ofm
greater than approximately 100, the assumption of
random distributions fails dramatically. To under-
stand better the nature of this long-range correla-
tion in the DNA helix free energy distribution, we
turn to a simpler distribution, namely, the distri-
bution for C or G content that we find parallels
the behavior of the free energy distribution.

7. Distributions of C or G content

We have seen that there is a dramatic difference
in the distributions of the helix free energy given
by random occurrence statistics and the actual
Rickettsia genome for large block sizes. We now
examine a simpler quantity, namely, the distribu-
tion of C or G content. Thes parameters of Eq.
(8) already show that there is a correlation between
base type and free energy. Although the free
energies given in Eq.(8) do show marked depend-
ence on neighboring base type, we will examine
distribution functions for a single variable, the net
amount of C or G in a block.

We will use the following notation to indicate
the base composition:

asA or T and csC or G (68)
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As with the free energy distribution, we will
examine theRickettsia genome in non-overlapping
blocks of m base pairs and record the number of
cs in each block. From Eq.(6) we have the
following net fractions forRickettsia

f s0.7100 andf s0.2900 (69)a c

with

f qf s1 (70)a c

If the states ‘a’ and ‘c’ are placed at random, then
all of the possible compositions of a block ofm
units are produced by the following generating
function

m
m kG (z)s f qzf s a z (71)Ž .m a c k8

ks0

The parameterz is simply a dummy variable that
is inserted in Eq.(71), in this case, to count the
number ofc states; in the final result the numerical
value ofz is set equal to 1 and from Eq.(70) one
has the result thatG (zs1)s1 for all m. Them

probability of havingk c-states is simply given by

P(k)sa (72)k

where a is the coefficient of thez term in Eq.k
k

(71). This relation gives the singlet, or random
unit, distribution for the probability of findingk c-
states in anm-block.

We next turn to the doublet distribution for the
two states given in Eq.(68). The doublet proba-
bility distribution gives the nearest-neighbor pair
counts in the actualRickettsia distribution with
respect to the statesa and c. From the data given
in Eq. (18) one has the following result

f s0.5116, f s0.1984aa ac

(73)

f s0.1984, f s0.0916ca cc

The doublet conditional probabilities are then giv-
en by Eq. (22) using Eqs.(69) and (73). The

matrix of conditional probabilities forRickettsia is
then

B EP(a±a) zP(a±c)

P sD C F
D GP(c±a) zP(c±c)
B E0.7205 0.2795z

s (74)C F
D G0.6843 0.3157z

while the generating function for the doublet dis-
tribution is given by

m
my1 kG (z)spP vs a z (75)m D k8

ks0

wherep andv are the following vectors

B E1

ps f , zf , vs (76)Ž .a c C F
D G1

We note that the matrixP is raised to the(myD

1) power in Eq.(75), since unlike the case treated
in Eq. (37), there is no interaction included
between successive blocks. The generating func-
tion given in Eq.(75) is again a finite polynomial
in powers of the dummy variablez and the
distribution giving the probability of findingk c-
units in anm-block subject to the doublet frequen-
cies given in Eq.(73) is then given by Eq.(72).

In Fig. 11 we compare thec-unit distribution
for blocks of ms20, 100 and 500 units. In each
case the solid smooth lines represent the distribu-
tions for random distributions as described above.
In each case the curve that is slightly higher at the
maximum value is for the singlet distribution(Eq.
(71)), while the other is for the doublet distribution
(Eq. (75)). One sees that there is not much
difference between the distributions obtained using
the singlet and doublet frequencies characteristic
of Rickettsia as given in Eqs.(69) and (73). The
solid dots( joined by solid line segments) are the
probability distributions based on the actual
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Fig. 11. The probability distribution,P(k), that non-overlap-
ping blocks ofm bases inRickettsia havek bases that are C
or G. The smooth solid lines are the distributions based on
singlet and doublet distributions calculated using the generat-
ing functions of Eq.(71) and Eq.(75), respectively, forms
20, 100 and 500. In each graph the upper smooth curve at the
maximum is for the singlet distribution. The solid dots joined
by solid lines give the distributions actually found in theRick-
ettsia sequence.

Fig. 12. The number,N(n), of bases that are C or G as a
function of the number of the block(starting the counting from
the left end of the molecule) in non-overlapping blocks ofms
1000 bases. The upper two graphs are for specific sequences
generated to have the singlet or doublet distributions ofRick-
ettsia, while the lower graph is based on the actualRickettsia
sequence.

sequence ofRickettsia obtained from non-overlap-
ping m-blocks. One sees that forms20 there is
little difference between the actual and random
distributions. Forms100 the actual distribution is
now noticeably broader than either of the random
distributions and, finally, forms500 the actual
distribution is very much broader than the random
distributions. This is exactly the pattern of behav-

ior that we saw for the free energy distributions,
where, as in Fig. 5, there is little difference
between the distribution forms20 and the random
distributions and then, for the case ofms500
illustrated in Fig. 6, the actual free energy distri-
bution is very much broader than the random
distributions.

In Fig. 12, we illustrate the fact that for largem
the actual distribution is broader than the random
distributions in another way. We treat the case of
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ms1000 and label the successive blocks, starting
from the left end with the indexn. So ns1 is the
first block, ns2 is the second and so on. As a
function of n we then plot on the vertical axis the
number ofc-units, N(n), in that block number-n;
thus there is one number per block plotted. The
upper curve is for a specific sequence generated
to have the singlet distribution ofRickettsia (given
in Eq. (60)), while the middle graph is for the
case of a specific sequence generated to have the
doublet distribution ofRickettsia (given in Eq.
(73)). One sees that the singlet and doublet distri-
butions so obtained are very similar. The lower
graph is for the actual distribution inRickettsia
and here one finds that the spread of points is very
much greater than that found in either the singlet
or doublet distributions.

We can generalize this information about the
width of the actual distributions following the
approach used with respect to Fig. 8. First we note
that in this case the moments and hence the
standard deviations of the distribution are given as
derivatives of the generating functionG withm

respect toz

m s(dGydz) and1 zs1

m s dydz (dGydln z) (77)Ž .zs12

For the case of the singlet generating function of
Eq. (71) we have

2m smf and m sm(my1)f qmf (78)1 c 2 c c

giving for the standard deviation

2 2y y ys(m)s m ym s m f yf (79)Ž .2 1 c c

We note that we obtain the standard result for a
random distribution that the width of the distribu-
tion varies as the square root of the sample size.
As with the free energy distribution it is convenient
to have a function that is asymptotic to a constant.
Thus, we define the following quantity(using f c

of Eq. (69))

yz(m)ss(m)y m (80)

For the singlet distribution result given in Eq.
(79), we have the constant value

2yz(m)s f yf s0.4538 (81)c c

We note the difference between this quantity and
the quantityZ(m) defined in Eq.(55) for the free
energy distributions. The difference in these two
quantities with respect to the placing of the square
root of m arises because the free energy distribu-
tion deals with the average free energy per unit in
the block.

We plot the quantityz(m) defined above in Fig.
13. The irregular solid line gives the results form-
blocks in the actualRickettsia genome, while the
dashed line is the constant value characteristic of
the singlet distribution given in Eq.(81). One sees
that the behavior shown in Fig. 13 is very similar
to that shown in Fig. 8 for the width of the free
energy distributions. For smallm (say,ms20) the
widths of the actual and random distributions are
very similar. For largem (say, greater thanms
100) the actual distributions have a much greater
width with the quantity z(m) approaching an
asymptotic value. As was the case for the curve
for the free energy distributions, we can fit a
simple empirical function to the data. Our result
is

w xz(m)s1.30(1y0.643 expymy557 ) (82)

which is very similar to the function ofZ(m) given
in Eq. (58). In particular, the characteristic relax-
ation parameters,m*, have similar values with
m*s606 for the free energy distributions and
m*s557 for the C or G distributions given here.
Recall thatm* is the value ofm where the function
is well on the way to its asymptotic value. The
ratio of the asymptotic values of the curves shown
in Fig. 13 is given by

z(Rickettsia) s(Rickettsia) 1.30
s s s2.86

z(singlet) s(singlet) 0.454
(83)

where we note again that on taking the ratio of
thez(m)s, the square root ofm in Eq.(80) cancels.
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Fig. 13. The width, as described by the functionz(m) given in Eq.(80), of the distribution for the number of bases that are C or
G in blocks of m non-overlapping blocks inRickettsia. The solid jagged line gives the actual results found for theRickettsia
sequence, while the dashed line gives the expected result based on the singlet distribution as given by Eq.(81). The smooth solid
line is the empirical fit of theRickettsia data as given by Eq.(82).

The number above is almost the same as the
corresponding ratio for the free energy distribu-
tions, 2.73, as given in Eq.(61).

8. Long-range correlation tables

We have seen in Fig. 5 that the free energy
distribution for blocks ofms20 is given quite
accurately using local occurrence statistics(singlet,
doublet and triplet distributions). On the contrary,
when m is made large, sayms500, as illustrated
in Fig. 6, the actual distribution is much wider
than the distribution based on local occurrence
statistics. Fig. 11 shows that the same behavior
holds for the distribution of C or G content. This
is further illustrated in Fig. 12, which shows that
for ms1000 the actual distribution is again much
broader that that given by using singlet and doublet
distributions based onRickettsia statistics. Finally,
in Fig. 13 we compare the width functionz(m) of
Eq. (80) for the Rickettsia genome with the value
for the singlet distribution and again obtain a very
large difference between the results obtained using
local statistics and actual sequence form greater
than approximatelyms100.

Since the free energy distribution, illustrated in
Fig. 8, and the C or G content distribution,

illustrated in Fig. 13, show essentially the same
behavior, we will use the behavior of thecsC or
G content to try and understand the origin of the
distribution broadness that we find. It is clear that
in order to understand this behavior we must take
into account correlations between consecutivem-
blocks. This is easy to do for thec content since
we can characterize a block simply by the number
of c units it contains and this number can vary
from is0 to ism, that is, mq1 integer values.
Note that we are not going to introduce any
variables describing the order or arrangement of
the Cs and Gs in the block, but just the net number
of Cs or Gs.

We thus introduce a correlation table that gives
the number of non-overlappingm-blocks with i c-
units that are followed by blocks containingj c-
units. As an example we consider blocks withms
20. The number of such non-overlapping blocks
(starting from the left end of the molecule) in the
Rickettsia genome is given below

Number of 20-blocks
sInteger part(1 111 523y20)s55 576

(84)

The number of consecutive non-overlapping pairs
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Fig. 14. The distribution,N (i, j) of consecutive non-overlapping pairs of sequences forms20 in terms of the number of C or Gb

in each sequence. The upper left-hand graph gives the actual distribution for theRickettsia genome, while the upper right-hand
graph gives the distribution assuming random placement,P(i)P( j), as given in Eq.(87). The bottom graph shows the difference in
the two distributions,DN (i, j) given by Eq.(89), showing that there are distinctly two mountains and two valleys in this differenceb

distribution.

of m-blocks is one less than this or

Number of pairss55 575 (85)

We then set up an(mq1)(mq1) table (mym for
short) that gives the number of(i, j) pairs of
blocks, which we will refer to asN (i, j). Theb

resulting table is approximately, but not exactly,
symmetric, that is, it is not so thatN (i, j)sN ( j,b b

i) exactly. For ms20 the largest entries in this
table for theRickettsia genome are

N (5, 5)s1758 N (5, 6)s1644b b

(86)

N (6, 5)s1634 N (6, 6)s1727b b

The complete correlation table is shown graphical-
ly in the upper-left graph in Fig. 14.

We can compare this with the numbers expected
if the m-blocks occurred at random. Then we
would have

N *(i, j)s(55 575)P(i)P( j) (87)b

where P(i) is the random probability that anm-
block will contain i c-units as given by Eq.(72).
The number in brackets is the number ofms20
pairs given in Eq.(85). Note that unlike the actual
distribution function,N (i, j), the distribution func-b

tion given in Eq.(87) is symmetric, that is,N *(i,b

j)sN *( j, i). Using the P(i) obtained from theb
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Fig. 15. Illustration of the difference distribution,DN (i, j) of Eq. (89), shown in Fig. 14 forms20. In the left-hand graph theb

white and black areas show where the difference distribution is positive and negative, respectively; in the gray area the difference
distribution is 0. The right-hand graph shows a graded distribution from positive to negative.

Rickettsia genome (using Eqs.(69)–(72)), the
maximum terms in theN * distribution are foundb

to be

U UN (5, 5)s1620 N (5, 6)s1642b b

(88)
U UN (6, 5)s1642 N (6, 6)s1665b b

These values are not very different from the
numbers given in Eq.(86) for the actual distribu-
tion in Rickettsia. The graph ofN *(i, j) is givenb

by the upper-right graph in Fig. 14. One notes that
the two distributions,N (i, j), the actual distribu-b

tion, andN *(i, j), the distribution for independentb

blocks, are very similar and that the eye cannot
make out much difference between the two.

There is, however, a significant difference
between these two distributions and this difference
will explain the occurrence of the very broad
distributions we have been finding inRickettsia.
In order to see this, we construct the difference
distribution as follows:

DN (i, j)sN (i, j)yN *(i, j) (89)b b b

Using the table elements shown in Eqs.(86) and
(88) as examples, we have

DN (5, 5)s138 DN (6, 5)s2b b

(90)

DN (6, 5)sy8 DN (6, 6)s62b b

We note that the elements inDN can be positiveb

or negative. The elements having the extreme
positive and negative values are

DN (3, 3)s201 DN (4, 9) sy152 (91)b b

One notes that the extreme values given in Eq.
(91) are approximately 10% of the maximum
values given in Eq.(86) or Eq. (88). Thus, some
pair correlations are larger than the values given
by the random placement of blocks, while some
are smaller and the magnitude of this effect is
approximately a 10% change in correlation, a
moderate, but important, amount.

The striking feature of the functionDN (i, j) isb

not so much the magnitude of the effect, but the
distribution of positive and negative deviations
from random behavior. This is seen in the lower
graph in Fig. 14 where one sees two distinct
summits in the difference distribution and two
distinct valleys. This feature is seen clearly in the
left-hand graph in Fig. 15 where we plot simply
whetherDN is positive(white squares) or DN isb b
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Fig. 16. Illustration of the difference distribution,DN (i, j) ofb

Eq. (89), for ms50 and 100. As in the left-hand graph in Fig.
15, the white and black areas show, respectively, where the
difference distribution is positive and negative, while the gray
area shows where the difference distribution is 0.

negative(black squares); the gray squares repre-
sent no difference. The right-hand graph in Fig.
15 gives the gradual distribution, positive(white)
to negative(black). Both of these graphs show the
same feature: there is a definite correlation between
where the white squares(q) and black squares
(y) occur. The positive correlations(white) occur
along the axisisj, while the negative correlations
(black) occur along an axis perpendicular to that.
This means that there is a tendency for anm-block
to be followed by anm-block with a similar C or
G content. Thus, if one looks, for example, atms
40 blocks as made up of pairs of consecutivems
20 blocks, there will be a tendency forms20
blocks with a given C or G content to be followed
by like blocks. This correlation will make the
extreme values of the distribution with respect to
c-content more probable and explains the width of
the distributions we have been finding. Of course,
the reason why there is this correlation is a function
of the information content of the genome(e.g.
similar amino acids occur in certain proteins). In
Appendix A we give an explicit example of
distribution broadening caused by block correla-
tion. In Fig. 16 we give the sign ofDN for msb

50 (top graph) and ms100 (bottom graph). One
sees that the tendency for blocks with a given C
or G content to be followed by like blocks persists
to largem values.

9. Block distributions from correlation tables

In Eq. (75) we give the generating function,
G (z), for the probability of havingk c-units in am

block of m units as a matrix product utilizing the
matrix of nearest-neighbor conditional probabilities
P , of Eq. (74). In that case the nearest-neighborsD

were nearest-neighbor base pairs. We now want to
give the analogous result where the states that we
are correlating are the states of an entirem-block
with m of the order of 20 or larger.

The construction of the generating function in
this case is similar to that used to obtain Eq.(75).
We have a vectorp whose elements are the fraction
of m-blocks having a givenc content that can vary
from is0 to ismq1. The matrixP now givesD

the conditional probability that given anm-block
containing i c-units it is followed by anm-block

containing j c-units. Since bothi and j can vary
from 0 to mq1, P is an (mq1)(mq1) matrix.D

The analog ofv in Eq. (76) is an (mq1) unit
vector, each element of which is 1. Iff is theij

fraction of consecutive non-overlapping pairs of
blocks each havingm units, then the conditional



299D. Poland / Biophysical Chemistry 106 (2003) 275–303

Fig. 17. The distribution of C or G content in sequences with
ms500. The jagged curve in both graphs gives the actual dis-
tribution for theRickettsia genome, while the smooth curve in
each graph gives the distribution given by the Markov chain
of Eq. (92), using the 50=50 correlation table in the top graph
and the 100=100 correlation table in the lower graph.

probabilityP (iNj) is given in general by Eq.(22),D

that isP (iNj)sf y f .D ij i

We can now use these quantities to construct
the generating function for a block that is com-
posed of a general integer number of smallerm-
blocks. Thus, the analog of Eq.(75) is

Um n
ny1 kG (z)sp(m, z)P (m, z) v(m)s a zUm n D k8

ks0

(92)

wheremUn is to be read as ‘m times n’ where n
is a positive integer. Thus, the size of the resultant
block, mUn, is m times n. As with Eq. (75), one
can insertz factors to keep track ofc-units in p
andP . As shown in Eq.(92), the matrix productD

yields a sum over powers ofz where the powers
can range from 0 tomUn. The coefficient ofz ,k

the quantitya , in Eq. (92), is the probability thatk

an mUn block contains k c-units (in any
arrangement).

In Fig. 17 we illustrate this procedure by con-
structing the block probability distribution for the
case ofmUns500 blocks based onP successive-D

ly using ms50 (ns10) and ms100 (ns5) cor-
relation tables. In both graphs the jagged solid line
represents the actual distribution ofmUns500
blocks for the Rickettsia genome. The jagged
appearance illustrates that for large values ofm
the actual distribution function need not be smooth.
In the upper graph in Fig. 17 the smooth solid
curve shows thec-unit distribution function con-
structed from thems50 correlation table using
the generating function given below

9G sp(50)P (50) v(50) (93)500 D

The lower graph shows a similar calculation where
G is constructed from thems100 correlation500

table

4G sp(100)P (100) v(100) (94)500 D

One sees that in both cases the distribution func-
tions constructed from large-m correlation tables
reproduce the actualRickettsia distribution quite
well, with the results from thems100 correlation
table being especially good.

We next want to see if we can use Eq.(92) to
reproduce the behavior shown in Fig. 13. This
figure gives the width of them-block distribution
as defined by the functionz(m) of Eq. (80). The
main feature of this function is that it levels off to
an asymptotic value at approximatelyms2000.
We note that one can use Toeplitz matrices as
outlined in Eqs.(43) and (44) to calculate the
required derivatives of the matrix product con-
tained in Eq.(92). In Fig. 18 we show the quantity
z(m) calculated from thems50 correlation table
used in Eq.(92). The solid dots give the values
of mUns50, 100, etc., that is, integer multiples
of 50. In Fig. 18 we also showz(m) calculated
using thems200 correlation table in Eq.(92).
Here the solid dots give the values ofmUn that
are integer multiples of 200. The actualz(m) curve
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Fig. 18. The calculation of thez(m) function given by Eq.(80)
and illustrated in Fig. 13 on the basis of sequence correlation
tables (50=50 or 200=200, as labeled). The dashed curve
shows part of the actual curve for theRickettsia genome as
shown in Fig. 13.

Fig. 19. The calculation of sequence generating functions as products for the case ofms1000. The lowest curve gives the actual
sequence distribution function forms1000. The upper three curves give, respectively, starting from the top,G , G andG .1000 100 10

1 10 100

from theRickettsia genome is given by the dashed
curve. One sees that thez(m) function calculated
from the ms50 correlation table levels off at a
value well below the actual asymptotic limit given
by the dashed curve. On the other hand,z(m)
calculated using thems200 correlation function
is very close to the actual behavior found for

Rickettsia (dashed curve) out to ms1000. Thus,
we see that correlations between blocks on the
order ofms200 are sufficient to explain the main
features(especially the width) of the c-content
distribution functions.

Once the system has reached the asymptotic
limit, m;1000, the matrix product in Eq.(92) can
be approximated well by using only the maximum
eigenvalue,l , of the matrixP . In this case one1 D

has

nG sl (m) (m)1000) (95)Um n 1

Once the range of the limitm)1000 has been
reached, then, if Eq.(95) is a good approximation,
we have the following simple product relationship
between generating functions

nG sG (m)1000) (96)Um n m

where, again,n is a positive integer.
We first illustrate the fact that Eq.(96) does

not hold form-1000. In Fig. 19 we approximate
the c-content distribution function forms1000
using products of generating functions for smaller
values of m. The lower, irregular curve is the
actual distribution from theRickettsia genome,
somewhat smoothed by local averaging. The other
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Fig. 20. The calculation of sequence generating functions as
products for the cases ofms2000, 3000, 4000 and 5000. In
each case the generating function was produced from the gen-
erating function forms1000 as given in Eq.(98).

three curves represent the following product
approximations using Eq.(96)

1000 100 10G fG , G fG , G fG (97)1000 1 1000 10 1000 100

The top three curves plotted in Fig. 19 give the
functions listed in Eq.(97), the curves from top
to bottom representing, respectively, the functions
left to right. One sees that the product approxi-
mation gets better as the value ofm used in the
product generating function increases, but that
none of the functions given in Eq.(97) gives a
good approximation to the actualc-content
distribution.

Finally, we construct the following distribution
functions

2 3G sG , G sG2000 1000 3000 1000

(98)
4 5G sG , G sG4000 1000 5000 1000

as illustrated in Fig. 20. In each case the lower
curve is the actualc-content distribution based on
the Rickettsia genome(again smoothed by local
averaging). One now sees that form)1000 the
product approximation of Eq.(96) gives an excel-
lent representation of the actual distributions, par-
ticularly with respect to the width of the
distributions.

10. Summary

In this paper we have shown that if one looks
at the free energy of the DNA helix ofRickettsia
in non-overlapping consecutive blocks containing
m base pairs, as shown in Figs. 1 and 2, one
obtains a relatively smooth distribution. Usingms
20 as an example, the distribution function
obtained can be fit well using the maximum-
entropy method using two to four moments as
shown in Fig. 13. In addition, still forms20, the
distribution can be reproduced using local base
occurrence statistics obtained from theRickettsia
genome(singlet, doublet or triplet statistics) as
illustrated in Fig. 5. On the basis of the evidence
for ms20, it would seem that there is nothing
extraordinary about the free energy distribution:
the base sequence contains the genetic information,
but with respect to the helix free energy, the base
occurrence can be considered to depend only on
local statistics.

The picture changes dramatically when one
looks at blocks containing hundreds of units as
shown in Fig. 6 for the case ofms500. In this
case the distribution function obtained from the
actualRickettsia genome is very much broader(by
more than a factor of 2) than obtained using local
statistics. This effect is dramatically shown in Fig.
9 where the functionZ(m)ss 6m of Eq. (55) ism

plotted for distributions obtained from the actual
Rickettsia sequence and for distributions based on
local (doublet) statistics wheres is the standardm

deviation of the appropriate distribution. We have
suggested in the discussion surrounding Eq.(62)
that the scale of the behavior ofZ(m) with respect
to m shown in Fig. 9 indicates that the free energy
content varies significantly from gene to gene, the
average gene size being about the value ofm
(f1000 base pairs) at which the function begins
to bend over toward its asymptotic value.

To explore this effect further we turned to a
simper distribution function, namely, that of the
net C or G content in a block ofm base pairs. It
turns out that the distributions for this variable
closely resemble those for the free energy at
comparablem values as shown in Fig. 11. The
width function for these distributions,z(m)ss ym

6m, as shown in Fig. 13, also parallels the corre-
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sponding form for the free energy function shown
in Fig. 9.

For the case of C or G content there is a single
number characterizing the state of anm-block,
namely, the number of C or G units(which can
vary from 0 to m). Fig. 15 shows the possible
states of a 20-block in terms of the states of a
following 20-block, giving the difference between
the doublet correlations for the actualRickettsia
distributions and those based on random occur-
rence. The white and black squares indicate,
respectively, positive and negative differences
between the two distributions. The fact that the
white and black squares occur in distinctly differ-
ent regions of the correlation table has enormous
significance for the width of the distribution:
blocks with a given C or G content tend to be
followed by like blocks and vice versa. As illus-
trated in Appendix A, this effect naturally leads to
a broadening of the distribution. Thus, in order to
explain the width of the distribution for C or G
content(or free energy content), we must consider
correlation tables between consecutivem-blocks
for m of the order of several hundred base pairs.
When we do this, usingms200 as an example,
then we can reproduce the behavior of the width
function of Fig. 13 as shown in Fig. 18.

Appendix A: Correlation broadening

As an example of a case where correlation
between successive blocks(sequences with similar
c (C or G) content tend to follow one another)
causes the distribution to get broader, we consider
the following. Take the case wherems2, so there
are three states per block,is0, 1 and 2 wherei is
the number of C or G units in anms2 block. We
take the quantitiesf , f and f as the probabilities,0 1 2

respectively, of these three states. Next we con-
struct the pair distribution for the case where the
occurrence of successivems2 blocks is random.
This gives the following distribution for two con-
secutivems2 blocks, or a singlems4 block

2gs(f qf qf ) (A1)0 1 2

On multiplying this expression out, we obtain the
random distribution for the five states of anms4

block:

Random distribution

2P(0)sf , P(1)sf f qf f0 0 1 1 0
(A2)

P(2)sf f qf f qf f0 2 1 1 2 0

P(3)sf f qf f , P(4)sf f1 2 2 1 2 2

Now consider the case where the probability of
the (0, 0) and(2, 2) states is increased, while the
probability of the (0, 2) and (2, 0) states is
decreased, where(i, j) indicates state-i of an ms
2 block followed byj-state of the neighboringms
2 block. This case is the analog of the behavior
we found in the correlation tables where the
probabilities of the diagonal terms(like followed
by like) are increased and the probabilities of the
off-diagonal terms(unlike states) are decreased.
As a specific example of this effect we modify the
probabilities given in Eq.(A2) as follows:

Correlation distribution

2P(0)saf , P(1)sf f qf f0 0 1 1 0

(A3)

P(2)sbf f qf f qbf f0 2 1 1 2 0

P(3)sf f qf f , P(4)saf f1 2 2 1 2 2

We takea)1 to increase the correlation of diag-
onal terms andb-1 to decrease the correlation of
off-diagonal terms. To retain normalization of the
total distribution we require(for our choice of
correlations given in Eq.(A3))

aqbs2 (A4)

As a numerical example we takef s0.3, f s0 1

0.4 and f s0.3 as the probabilities for thems22

block. The random distribution based on these
numbers as given in Eq.(A2) is shown in the
upper graph in Fig. 21. Next we turn to the
correlation distribution using the above numbers
in addition to the valuesas1.4 andbs0.6 in Eq.
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Fig. 21. Illustration of broadening of distributions caused by
pair correlations for the case ofms4 given in Appendix A
The upper graph gives the random distribution given by Eq.
(A2), while the lower graph gives the distribution when cor-
relation is included as given by Eq.(A3).

(A3). On comparing the graphs in Fig. 21, one
sees that the effect of correlation(increasing the
probability that like follows like) causes a marked
broadening of thec-content distribution.
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